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Abstract

Softmax is the normalized exponential of the simplicial Euclidean Jordan algebra ℝ𝑛. We
study the same construction on an arbitrary finite-dimensional Euclidean Jordan algebra 𝐽 .
Its normalized Jordan exponential descends to a real-analytic diffeomorphism

Γ𝐽 ∶ 𝐽/ℝ𝑒 ⟶ ℬ∘
𝐽 , Γ𝐽 (𝑥) =

exp𝐽 (𝑥)
tr𝐽 (exp𝐽 𝑥)

,

which we call the Gibbs chart. Within continuous separable spectral normalizers, invariance
under common score shifts determines the temperature family Γ𝐽 (𝛽 ⋅ ), and first-order cali-
bration at the barycenter selects 𝛽 = 1. The associated log-partition function is Legendre
dual to spectral negative entropy.
The Hessian of that log-partition function separates into the usual softmax covariance on
spectral weights and logarithmic-mean operators on the off-diagonal Peirce blocks. This
yields an explicit Jacobian and a real Monge–Ampère equation whose source is the determi-
nant of the frame block. The source is identically one precisely for the simplicial carrier, the
unique Euclidean Jordan carrier with no continuous frame directions; there the centered
gradient image is the extremal Ehrhart simplex.
We then study canonical normalization of cone-valued query–key data. Adjoining the
aggregate positive coordinate makes effect normalization lossless, while the normalized
effects retain an Aut(𝐽 )-valued polar transporter. It is trivial for spectrally commuting pairs
— and identically trivial exactly on the simplicial carrier — reduces to the polar unitary
for matrix carriers, and is 𝐹4-valued for the Albert algebra. It is invariant under separate
rescalings of query and key, hence a function on the projectivized cone, while the radial
factor carries the scale; the two channels couple at second order through the curvature
bracket of the cone. At the identity query its linearization acts blockwise on the Peirce frame
tangent and is injective when the aggregate key has simple spectrum. Representations of
the transporter yield positive Jordan instruments, exact additive moment reductions for
central values, relative-frame readouts, and positive semidefinite kernels from transported
Peirce projections. Ordinary softmax remains the spectral law; non-simplicial carriers add
canonical frame geometry and transport.
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1 introduction: softmax is a chart

Softmax is a chart.
The pair (ℝ𝑛, componentwise product) is a Euclidean Jordan algebra. Every Euclidean

Jordan algebra carries, canonically and with no further data, a symmetric cone of squares, a
trace, and a spectral exponential; and the normalized exponential

Γ𝐽 (𝑥) =
exp𝐽 (𝑥)

tr𝐽 (exp𝐽 𝑥)

is a real-analytic diffeomorphism from the algebra modulo its unit line onto the interior of
the trace-one slice of that cone. For 𝐽 = ℝ𝑛 the slice is the probability simplex, and the
diffeomorphism is

softmax(𝑥)𝑖 = 𝑒𝑥𝑖
∑𝑗 𝑒

𝑥𝑗 .

The map entered machine learning as the “normalised exponential” output law for classification
networks [13] and is now the routing law of attention [46]; as a normalized exponential of an
energy it is far older, and Corollary 6.6 recovers the thermodynamic reading [23].

Read this way, the three stipulations usually made about softmax stop being stipulations.
The simplex is not a target chosen for softmax to land in; it is the trace-one base of the carrier’s
own cone. Within the separable spectral class considered here, the exponential is not one
positive function among many; it is the lift that carries an element with no positivity into the
cone, and the theorem below says that under separability it is the only such lift compatible
with common score shifts. The identity softmax(𝑥 + 𝑎𝟏) = softmax(𝑥), ordinarily described as
the numerical convenience licensing max-subtraction, is the statement that the map factors
through the projectivized cone: the additive gauge ℝ𝑒 upstairs becomes the multiplicative gauge
ℝ>0 downstairs, and normalization is the choice of trace-one representative on each ray.

What is left variable is the algebra. We call the chosen Euclidean Jordan algebra 𝐽 the
carrier, and the simplicial carrier is chosen when token states are modeled as independent scalar
channels with componentwise positivity and multiplication. Under that modeling convention
the simplicial carrier is already fixed. The consequences of that choice are sharp. Write 𝑟 for
the rank of 𝐽 and 𝔉𝐽 for its ordered-frame space. On the simple-spectrum locus,

dimℬ∘
𝐽 = (𝑟 − 1)⏟⏟⏟⏟⏟⏟⏟

spectral weights

+ (dim 𝐽 − 𝑟)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
frame directions

,

and the second summand vanishes exactly when 𝐽 ≅ ℝ𝑟 (Theorem 7.4). Ordinary softmax is
the unique frameless Gibbs chart. Every other Euclidean Jordan carrier produces normalized
states carrying, in addition to their weights, a positive-dimensional frame; for the Albert algebra
𝐻3(𝕆) the split is 2 weight dimensions against 24 frame dimensions inside a 26-dimensional
state space.

Saying exactly what those frame directions do is the substance of what follows.
The paper has three parts. First, we identify the normalized Jordan exponential as a global

Gibbs chart, characterize its temperature family by common-score-shift invariance, and select
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unit temperature by barycentric calibration. Convex duality yields spectral entropy, Jordan
relative entropy, a direct-sum hierarchy, and a zero-temperature selection rule on exposed faces.
Second, we show that changing the carrier adds Peirce frame directions to the familiar spectral
weights. One quantity then does three jobs: the logarithmic mean of two Gibbs weights is
the metric coefficient on the Peirce block joining them, the factor that block contributes to the
Jacobian, and the source term the block contributes to a real Monge–Ampère equation satisfied
by the rescaled potential. The source is absent exactly for the simplicial carrier, whose centered
gradient image is the simplex realizing the extremal value in Ehrhart’s volume conjecture.
Third, canonical normalization of carrier-valued query–key scores separates radial data from
an Aut(𝐽 )-valued polar transporter. The normalized effects act through a direct-sum Jordan
instrument. At the identity query, the transporter linearization is injective on the full frame
tangent when the aggregate key has simple spectrum, and it admits representation-valued
and spectral-code readouts as well as an exact additive-moment reduction for central values. A
spectral frame of the aggregate key yields blockwise positive Peirce-projection kernels, while
the label-free total frame kernel has second-order degeneracy exactly equal to that of the
transporter linearization. For the Albert algebra these directions form three triality-related
eight-dimensional channels.

The carrier does not by itself prohibit other maps into its cone: sparsemax [29] and the
𝛼-entmax family [33] are simplex-valued and shift-invariant, and arise from a different set of
design axioms. Theorem 5.1 is a uniqueness statement inside the separable spectral class, and
Remark 5.2 draws that line precisely.

Sections 2 to 5 build the chart and establish its rigidity; Sections 6 to 8 read the resulting
geometry off it; and Section 9 builds the polar transporter and everything downstream of it.

Trace-one slices of symmetric cones and entropy-regularized normalized exponential updates
have appeared before, in symmetric-cone online optimization and game learning. Symmetric-
cone multiplicative weights identifies the normalized Jordan exponential with follow-the-
regularized-leader and online mirror descent for symmetric-cone negative entropy [14], and
the same closed-form update, together with the corresponding strong-convexity theory, drives
optimistic symmetric-cone games [6]. Our use of the same map is geometric rather than algo-
rithmic. We treat it as a global quotient chart, characterize it within the separable spectral class
by common-shift invariance, compute its complete spectral and Peirce-block differential and
Jacobian, and use the cone-group polar factor to expose frame transport and its representation-
valued readouts. That the carrier’s state-space geometry is fixed by the algebra is itself a
theorem: strongly symmetric spectral convex bodies are exactly the state spaces of simple
Euclidean Jordan algebras and the simplices [8]. Another route assumes neither spectrality
nor self-duality: a homogeneous cone whose normalized automorphisms act transitively on
pure states is self-dual, hence Jordan [9]. Remark 2.2 sets these hypotheses beside the two
transports used here, and Remark 2.3 reads the Peirce data of a carrier as Vinberg’s description
of its cone.

3



2 euclidean jordan carriers

We recall only what is used. The algebras below are exactly the formally real Jordan algebras
classified by Jordan, von Neumann, and Wigner [24]. Faraut and Korányi [17] is the standard
reference for their cone theory, with Koecher’s lectures [26] as a second route; [22, 30] give the
algebraic background and [42, 5] the exceptional case.

Definition 2.1 (Euclidean Jordan algebra). A Euclidean Jordan algebra (EJA) is a finite-
dimensional real vector space 𝐽 with a commutative bilinear product ∘, a unit 𝑒, satisfying
the Jordan identity 𝑥 ∘ (𝑥2 ∘ 𝑦) = 𝑥2 ∘ (𝑥 ∘ 𝑦), and carrying an inner product for which every
multiplication operator 𝐿𝑥 ∶ 𝑦 ↦ 𝑥 ∘ 𝑦 is self-adjoint.

Jordan algebras are power-associative, so 𝑥∘𝑘 is unambiguous. The spectral theorem [17,
Thm. III.1.2] states that every 𝑥 ∈ 𝐽 can be written

𝑥 =
𝑟
∑
𝑘=1

𝜆𝑘𝑐𝑘 , (1)

where 𝜆𝑘 ∈ ℝ and (𝑐1, … , 𝑐𝑟 ) is a Jordan frame: a family of primitive idempotents with 𝑐𝑖 ∘𝑐𝑗 = 𝛿𝑖𝑗𝑐𝑖
and ∑𝑘 𝑐𝑘 = 𝑒. The integer 𝑟 = rank 𝐽 is independent of 𝑥 . The 𝜆𝑘 are the eigenvalues of 𝑥 ,
determined with multiplicity; the frame is determined uniquely when the eigenvalues are
distinct. Write 𝔉𝐽 for the set of ordered Jordan frames.

The canonical trace is tr𝐽 (𝑥) = ∑𝑘 𝜆𝑘 , so that tr𝐽 (𝑐) = 1 for every primitive idempotent 𝑐 and
tr𝐽 (𝑒) = 𝑟 . The trace form 𝑇 (𝑥, 𝑦) = tr𝐽 (𝑥 ∘ 𝑦) is positive definite and associative:

𝑇 (𝑥 ∘ 𝑦 , 𝑧) = 𝑇 (𝑥, 𝑦 ∘ 𝑧), (2)

so (𝑥, 𝑦 , 𝑧) ↦ 𝑇(𝑥 ∘ 𝑦, 𝑧) is a symmetric trilinear form. We use ⟨𝑥, 𝑦⟩ ∶= 𝑇 (𝑥, 𝑦) throughout;
Remark 8.1 records why this matters in implementation.

The symmetric cone is Ω𝐽 = int{ 𝑥 ∘ 𝑥 ∶ 𝑥 ∈ 𝐽 } = {𝑥 ∶ 𝜆𝑘(𝑥) > 0 ∀𝑘}, an open convex self-dual
cone. Spectral calculus defines 𝑓 (𝑥) = ∑𝑘 𝑓 (𝜆𝑘)𝑐𝑘 for any 𝑓 ∶ ℝ → ℝ, a well-defined element
independent of the chosen spectral decomposition; in particular

exp𝐽 (𝑥) = ∑
𝑘≥0

𝑥∘𝑘

𝑘!
=

𝑟
∑
𝑘=1

𝑒𝜆𝑘 𝑐𝑘 , (3)

and exp𝐽 ∶ 𝐽 → Ω𝐽 is a real-analytic diffeomorphism with inverse log𝐽 [17, Ch. III]. We write
𝑃(𝑎) = 2𝐿2𝑎 − 𝐿𝑎2 for the quadratic representation, which for matrix carriers is 𝑃(𝑎)𝑏 = 𝑎𝑏𝑎; each
𝑃(𝑎) with 𝑎 ∈ Ω𝐽 is a linear automorphism of the cone, positive definite and self-adjoint for the
trace form, and 𝑃(𝑎−1/2)𝑎 = 𝑒 [17, Prop. II.3.1, Thm. III.2.1].
Remark 2.1 (The exponential is intrinsic, and in what sense). The cone Ω𝐽 is not a group
under the Jordan product, which is nonassociative, nor (for matrix carriers) under ordinary
multiplication, which leaves the carrier. It is a homogeneous space: its linear automorphism
group 𝐺(Ω𝐽 ) acts transitively, and it carries a canonical invariant Riemannian metric 𝑔𝑎(𝑢, 𝑣) =
⟨𝑃(𝑎)−1𝑢, 𝑣⟩. For a simple carrier the Riemannian exponential of this geometry at 𝑎 is Exp𝑎(𝑣) =
𝑃(𝑎1/2) exp𝐽 (𝑃(𝑎

−1/2)𝑣), a diffeomorphism 𝐽 → Ω𝐽 ; at 𝑎 = 𝑒 it reduces to exp𝐽 [3]. So the Jordan
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exponential is the symmetric-space exponential chart at the identity, extended factorwise over
the simple-ideal decomposition in general. If a literal Lie-group statement is wanted, one is
available by transporting the additive structure of 𝐽 through exp𝐽 ; but that group is created by
the chart rather than found in the cone, and nothing below uses it.

Given a primitive idempotent 𝑐, the operator 𝐿𝑐 has spectrum contained in {0, 1/2, 1} and 𝐽
decomposes into Peirce spaces 𝐽 = 𝑉1(𝑐) ⊕ 𝑉1/2(𝑐) ⊕ 𝑉0(𝑐) with 𝑉1(𝑐) = ℝ𝑐. Relative to a full
frame,

𝐽 =
𝑟

⨁
𝑘=1

ℝ𝑐𝑘 ⊕ ⨁
𝑖<𝑗

𝐽𝑖𝑗 , 𝑑𝑖𝑗 ∶= dim 𝐽𝑖𝑗 , (4)

where 𝐽𝑖𝑗 = {𝑣 ∶ 𝐿𝑐𝑖𝑣 = 𝐿𝑐𝑗 𝑣 = 1/2𝑣}, and 𝑉1/2(𝑐𝑖) = ⨁𝑗≠𝑖 𝐽𝑖𝑗 . Counting (4),

dim 𝐽 = 𝑟 +∑
𝑖<𝑗

𝑑𝑖𝑗 . (5)

The block dimensions need not be equal: in 𝐽 = ℝ ⊕ Sym2(ℝ) a frame contains the scalar
primitive and two matrix primitives, the two cross-factor blocks vanish, and the matrix-factor
block has dimension 1. When 𝐽 is simple, all off-diagonal blocks share one dimension 𝑑 , the
Peirce multiplicity, and (5) becomes dim 𝐽 = 𝑟 + 1/2𝑟(𝑟 − 1)𝑑 . When 𝐽 ≅ ℝ𝑟 all blocks vanish and
𝑑 = 0.

Definition 2.2 (Frame-transitive carrier). An EJA 𝐽 is frame-transitive if Aut(𝐽 ) acts transi-
tively on its ordered Jordan frames. These are exactly the simple Euclidean Jordan algebras
and the simplicial algebras ℝ𝑟 [17, Ch. IV–V]. On a general reducible carrier, automorphisms
preserve the decomposition into isotypic families of simple ideals and may permute isomorphic
summands, but they cannot mix primitive idempotents freely across the full frame; consequently
the action on ordered frames is not transitive unless the carrier is simple or simplicial.

Every EJA is a direct sum of simple ideals, and choosing a frame in each summand produces a
frame of 𝐽 ; every element is conjugate, by an automorphism acting factorwise, into the resulting
fixed factor-compatible diagonal. What frame transitivity buys is stronger: transitivity of Aut(𝐽 )
on the full ordered frame space 𝔉𝐽 , hence an action of the full symmetric group 𝑆𝑟 on all spectral
slots [17, Ch. IV]. Both fail for ℝ⊕Sym2(ℝ), where no automorphism moves the scalar primitive
into the matrix factor; and it is exactly that failure, not any failure of diagonalization, which
prevents the global eigenvalue multiset from being a complete orbit invariant (Example 7.1).

We call ℝ𝑟 with the componentwise product the simplicial carrier, since its cone ℝ𝑟>0 is a
simplicial cone and its frame is a basis defined over the ground field. The alternative name
split is standard for the same reason but collides with the split Albert algebra 𝐻3(𝕆𝑠) over the
split octonions, which does not appear here — every carrier in this paper is Euclidean, hence a
formally real form — so we avoid it.
Example 2.1. ℝ𝑛 with 𝑥 ∘ 𝑦 = (𝑥𝑖𝑦𝑖) has 𝑟 = 𝑛 and 𝑑 = 0. Sym𝑟 (ℝ) with 𝑋 ∘ 𝑌 = 1/2(𝑋𝑌 + 𝑌𝑋) has
rank 𝑟 and multiplicity 1; Herm𝑟 (ℂ) and Herm𝑟 (ℍ) have rank 𝑟 and multiplicities 2 and 4. The
spin factor 𝖵𝑚 = ℝ ⊕ ℝ𝑚, with (𝑎, 𝑢) ∘ (𝑏, 𝑣) = (𝑎𝑏 + ⟨𝑢, 𝑣⟩, 𝑎𝑣 + 𝑏𝑢) — a Lorentz product, not the
componentwise direct-sum product — has rank 2 and multiplicity 𝑚 − 1; it is simple for 𝑚 ≥ 2,
while 𝖵1 ≅ ℝ2 is simplicial. The Albert algebra 𝐻3(𝕆) has 𝑟 = 3, 𝑑 = 8, dim = 3 + 24 = 27, and
Aut(𝐻3(𝕆)) = 𝐹4.
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Remark 2.2 (Why the carriers are Jordan). This paper assumes Jordan structure, and of the
cone it then uses two transitive actions. The linear automorphism group 𝐺(Ω𝐽 ) acts transitively
on Ω𝐽 (Remark 2.1), and the polar transporter takes values in Aut(𝐽 ) = Stab𝐺(𝑒) (Theorem 9.2),
which is exactly the group of cone automorphisms preserving the closed state space ℬ𝐽 of
Definition 3.1. Indeed tr𝐽 (𝑔𝑥) = ⟨𝑔∗𝑒, 𝑥⟩, so 𝑔 ∈ 𝐺(Ω𝐽 ) preserves ℬ𝐽 exactly when its adjoint
fixes 𝑒; the cone is self-dual, so 𝑔∗ ∈ 𝐺(Ω𝐽 ), hence 𝑔∗ ∈ Aut(𝐽 ), and Aut(𝐽 ) consists of orthogonal
maps, so 𝑔 = (𝑔∗)−1 lies in Aut(𝐽 ) as well.

Barnum, Ududec and van de Wetering [9, Thm. 25] prove a converse with self-duality removed
from the hypotheses. Let 𝐶 be a closed, pointed, generating cone in a finite-dimensional real
space and ℬ a base of 𝐶. Suppose 𝐶 is homogeneous: its linear automorphisms act transitively
on its interior. Suppose ℬ has pure transitivity: the automorphisms of 𝐶 that preserve ℬ act
transitively on its extreme points. Then 𝐶 is self-dual, and by the Koecher–Vinberg theorem
[25, 47] it is the closed cone of squares of a Euclidean Jordan algebra. The proof runs through
Vinberg’s theory of homogeneous cones [48, 49]. The cone has a self-dual subcone, its kernel,
which is invariant under the base-preserving automorphisms and contains a pure state of 𝐶,
and pure transitivity carries that pure state onto every other, so the kernel is all of 𝐶. Refined:
pure transitivity holds exactly for the direct sums 𝑊 ⊕⋯⊕𝑊 of copies of one simple algebra,
and continuous pure transitivity, a continuous path of base-preserving images between any
two pure states, holds exactly for the simple algebras [9, Cor. 44–45].

Read against this paper, the theorem says that the carrier class need not be postulated. A
cone that supports a transitive positive transport, as the sections 𝑃(𝑥1/2) do here, and whose
state-space-preserving automorphisms move any pure state to any other, is already one of the
carriers of this section. Three qualifications apply.

(a) The hypothesis concerns the group Aut(𝐽 ), not the set of values of the transporter. The
paper does not show that the values 𝒰(𝑞, 𝐾) act transitively on pure states, and the theorem
does not need them to.

(b) The class the theorem delivers is larger than the frame-transitive class of Definition 2.2. The
simple carriers are exactly those with continuous pure transitivity, and the simplicial carrier
ℝ𝑟 = ℝ ⊕ ⋯ ⊕ ℝ has pure transitivity through permutations. But Herm2(ℂ) ⊕ Herm2(ℂ)
has pure transitivity too, through the automorphisms of each summand and the swap,
and it is not frame-transitive: no automorphism carries an ordered frame whose first
two primitives lie in one summand to an ordered frame whose first two primitives lie in
different summands. The frame-transitive carriers are the pure-transitive ones with a
single summand or with repeated summand ℝ.

(c) The route of [8] quoted in the introduction assumes spectrality and strong symmetry,
which is transitivity on ordered sets of perfectly distinguishable pure states and so includes
transitivity on ordered frames. Consistently with (b), it returns exactly the frame-transitive
carriers, while the route here assumes transitivity only on single pure states and returns
the larger class.

Remark 2.3 (The Peirce data as a Vinberg T-algebra). Vinberg describes every homogeneous
cone by a T-algebra [48, Ch. III]. This is a bigraded real algebra 𝑇 = ⨁𝑖,𝑗≤𝑟 𝑇𝑖𝑗 with 𝑇𝑖𝑗𝑇𝑗𝑘 ⊆ 𝑇𝑖𝑘 ,
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diagonal spaces 𝑇𝑖𝑖 ≅ ℝ, an involution ∗ exchanging 𝑇𝑖𝑗 and 𝑇𝑗𝑖, and a trace, subject to axioms
that include

𝑡(𝑢𝑤) = (𝑡𝑢)𝑤, 𝑡(𝑢𝑢∗) = (𝑡𝑢)𝑢∗ (𝑡, 𝑢, 𝑤 upper triangular). (6)

The cone is {𝑡 𝑡∗ ∶ 𝑡 upper triangular with nonnegative diagonal} [9, Props. 32–33]. Write 𝑛𝑖𝑗 =
dim 𝑇𝑖𝑗 . An irreducible homogeneous cone is self-dual exactly when all 𝑛𝑖𝑗 with 𝑖 ≠ 𝑗 are equal
and nonzero [49], [9, §3.3].

For the matrix carriers Sym𝑟 (ℝ), Herm𝑟 (ℂ), Herm𝑟 (ℍ) and for 𝐻3(𝕆), take 𝑇 to be the 𝑟 × 𝑟
matrices over the coefficient algebra, with the matrix product, every product landing on the
diagonal replaced by its real part (as 𝑇𝑖𝑖 ≅ ℝ requires), and conjugate transpose as ∗. Then 𝑇𝑖𝑗
with 𝑖 < 𝑗 is the Peirce space 𝐽𝑖𝑗 of (4) for the standard frame, 𝑛𝑖𝑗 = 𝑑𝑖𝑗 , and {𝑡 𝑡∗} is the Cholesky
description of Ω𝐽 ; Section C checks the Albert case numerically. So the Peirce data (𝑟 , 𝑑𝑖𝑗) used
throughout — a graph on the frame idempotents with edge weights 𝑑𝑖𝑗 — is the dimension data
of a T-algebra. Self-duality is the statement that the edge weights are constant and nonzero on
each simple summand, as (5) records. Homogeneous cones that are not self-dual are T-algebras
whose edge dimensions vary inside an irreducible block, and none of them is a carrier.

The two axioms in (6) are conditions on paths in this graph. An entry of 𝑡(𝑢𝑤) is a sum of
products 𝑡𝑖𝑗𝑢𝑗𝑘𝑤𝑘𝑙 along paths 𝑖 ≤ 𝑗 ≤ 𝑘 ≤ 𝑙 that only move upward. Such a product has three
off-diagonal factors only when the four indices are distinct. At rank 𝑟 ≤ 3 every product has
at most two off-diagonal factors and real numbers elsewhere, so the first axiom holds over
any coefficient algebra. The second axiom goes back along an edge it has used: its (1, 2) entry
compares (𝑡12𝑢23) ̄𝑢23 with 𝑡12(𝑢23 ̄𝑢23), the right alternative law, and its diagonal entries differ by
associators, whose real parts vanish. Hence over 𝕆 the second axiom holds at rank 3, because
𝕆 is alternative. The first fails at rank 4, in the (1, 4) entry, by the associator of three octonions.
Over the sedenions, which are not alternative, the second axiom fails already at rank 3, in the
(1, 2) entry. These bounds agree with Jacobson’s coordinatization theorem: a Jordan algebra
with 𝑟 ≥ 3 connected supplementary idempotents is 𝐻𝑟 (𝐷) with 𝐷 alternative, and associative
when 𝑟 ≥ 4 [22, 30]. Vinberg’s axioms separate the two bounds. The rank-4 bound on 𝕆 comes
from the open-path axiom, and the rank-3 exclusion of the sedenions from the returning-path
axiom.

Deleting the first row and column exhibits the cone as a Siegel cone over the cone of the
remaining rows [9, §§3.1–3.2]. Take the anchor 𝑇11 ≅ ℝ, the off-diagonal space ℝ𝑝 = 𝑇21⊕⋯⊕𝑇𝑟1,
and the remaining T-algebra 𝑉 , with 𝐵(𝑢, 𝑢) = 𝑢𝑢∗. Then (𝑎, 𝑢, 𝑡) ∈ 𝑉 × ℝ𝑝 × ℝ lies in the cone
exactly when 𝑡 ≥ 0 and 𝑡𝑎−𝐵(𝑢, 𝑢) lies in the cone of 𝑉 . In Peirce terms this is the decomposition
𝐽 = 𝑉1(𝑐1) ⊕ 𝑉1/2(𝑐1) ⊕ 𝑉0(𝑐1) relative to the first primitive of the frame. For 𝐻3(𝕆) it reads
27 = 1 + 16 + 10, with 𝑉 = 𝐻2(𝕆) ≅ 𝖵9. Truong and Tunçel’s description of the extreme rays
of a Siegel cone [43, Thm. 2], [9, Thm. 41] splits the pure states into two kinds. The first kind
are the pure states of 𝑉 , with 𝑡 = 0 and therefore 𝑢 = 0. The second kind are the rays through
(𝐵(𝑢, 𝑢), 𝑢, 1) with 𝑢 ∈ ℝ𝑝. For 𝐻3(𝕆) the second kind are the elements 𝑣𝑣∗ with 𝑣 = (1, 𝑢1, 𝑢2)
and (𝑢1, 𝑢2) ∈ 𝕆2 ≅ ℝ16, which after normalization form the affine chart of the octonionic
projective plane. The first kind are the pure states of 𝐻2(𝕆), an 8-sphere, the projective line at
infinity. This is the cell decomposition 𝕆𝑃2 = ℝ16 ∪ 𝑆8. It parametrizes the pure states of the
Albert carrier by one primitive of a frame and its Peirce space 𝑉1/2(𝑐1).
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Once 𝐽 is fixed, its cone, trace, spectral calculus and Gibbs chart require no further choice.
A carrier arrives with its cone, its trace, and its exponential already fixed, and the next section
shows that this is enough to produce the map.

3 the gibbs chart as a projectivized exponential

Definition 3.1 (State space and Gibbs chart). The open state space of 𝐽 is

ℬ∘
𝐽 = { 𝑝 ∈ Ω𝐽 ∶ tr𝐽 (𝑝) = 1 },

the trace-one section of the symmetric cone, and its Gibbs chart is Γ𝐽 = 𝜋 ∘ exp𝐽 , where
𝜋 ∶ Ω𝐽 → ℬ∘

𝐽 , 𝜋(𝑦) = 𝑦/ tr𝐽 (𝑦). Write 𝐽0 ∶= ker tr𝐽 for the traceless hyperplane and ℬ𝐽 =
{𝑝 ∈ Ω𝐽 ∶ tr𝐽 𝑝 = 1} for the closed state space, Ω𝐽 denoting the closed cone. Boundary states,
where some eigenvalue vanishes, lie in ℬ𝐽 ∖ℬ∘

𝐽 ; the chart never reaches them, but Theorem 6.4
maximizes over them.

Theorem 3.2 — Global Gibbs chart

For every Euclidean Jordan algebra 𝐽 of rank 𝑟 :
(a) Γ𝐽 = 𝜋 ∘ exp𝐽 , and both factors are surjective onto their stated targets;
(b) Γ𝐽 (𝑥 + 𝑎𝑒) = Γ𝐽 (𝑥) for every 𝑎 ∈ ℝ;
(c) the restriction Γ𝐽 |𝐽0 ∶ 𝐽0 ⟶ ℬ∘

𝐽 is a real-analytic diffeomorphism, with inverse

Λ𝐽 (𝑝) = log𝐽 𝑝 − 1
𝑟
tr𝐽 (log𝐽 𝑝) 𝑒.

Equivalently, the induced map 𝐽/ℝ𝑒 → ℬ∘
𝐽 is a real-analytic diffeomorphism.

In spectral coordinates, if 𝑥 = ∑𝑘 𝜆𝑘𝑐𝑘 then

Γ𝐽 (𝑥) =
𝑟
∑
𝑘=1

𝑒𝜆𝑘
∑ℓ 𝑒𝜆ℓ

𝑐𝑘 . (7)

Proof. Step 1 (the two factors). exp𝐽 maps 𝐽 onto Ω𝐽 [17, Ch. III]. For 𝑦 ∈ Ω𝐽 all eigenvalues are
positive, so tr𝐽 (𝑦) > 0 and 𝑦/ tr𝐽 (𝑦) again lies in Ω𝐽 , now with trace 1; hence 𝜋 maps Ω𝐽 onto
ℬ∘

𝐽 , and it is onto because 𝜋 fixes ℬ∘
𝐽 pointwise. Composing gives (a), and (3) with tr𝐽 (𝑐𝑘) = 1

gives (7).

Step 2 (the scalar gauge). Let 𝑥 = ∑𝑘 𝜆𝑘𝑐𝑘 be a spectral decomposition. Since 𝑒 = ∑𝑘 𝑐𝑘 for any
frame, the same frame diagonalizes 𝑥 + 𝑎𝑒 = ∑𝑘(𝜆𝑘 + 𝑎)𝑐𝑘 . Therefore exp𝐽 (𝑥 + 𝑎𝑒) = 𝑒𝑎 exp𝐽 (𝑥),
and the positive scalar 𝑒𝑎 cancels between numerator and denominator of Γ𝐽 . This is (b).

Step 3 (Λ𝐽 is a right inverse). Given 𝑝 ∈ ℬ∘
𝐽 , set 𝑚 = 1/𝑟 tr𝐽 (log𝐽 𝑝) and 𝑥 = log𝐽 𝑝 − 𝑚𝑒. Then

tr𝐽 𝑥 = 0, so 𝑥 ∈ 𝐽0, and by Step 2 applied to log𝐽 𝑝 = 𝑥 + 𝑚𝑒 we get exp𝐽 (𝑥) = 𝑒−𝑚𝑝. Since
tr𝐽 𝑝 = 1, the trace of exp𝐽 (𝑥) is 𝑒−𝑚, and Γ𝐽 (𝑥) = 𝑒−𝑚𝑝/𝑒−𝑚 = 𝑝.
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Step 4 (Λ𝐽 is a left inverse). Let 𝑥 ∈ 𝐽0, put 𝑍(𝑥) = tr𝐽 (exp𝐽 𝑥) and 𝑝 = Γ𝐽 (𝑥). In a frame
diagonalizing 𝑥 , 𝑝 = ∑𝑘(𝑒𝜆𝑘/𝑍)𝑐𝑘 , so log𝐽 𝑝 = 𝑥 − (log 𝑍)𝑒. Taking traces and using tr𝐽 𝑥 = 0
gives tr𝐽 (log𝐽 𝑝) = −𝑟 log 𝑍 , hence Λ𝐽 (𝑝) = (𝑥 − (log 𝑍)𝑒) + (log 𝑍)𝑒 = 𝑥 .

Step 5 (regularity and the quotient). exp𝐽 and log𝐽 are real-analytic, tr𝐽 is linear, and 𝑍 is
nowhere zero, so Γ𝐽 |𝐽0 and Λ𝐽 are real-analytic; Steps 3–4 show they are mutually inverse
bijections. Since 𝐽 = 𝐽0 ⊕ ℝ𝑒 and, by (b), Γ𝐽 is constant on cosets of ℝ𝑒, the induced map on
𝐽/ℝ𝑒 is the same diffeomorphism read through the linear isomorphism 𝐽/ℝ𝑒 ≅ 𝐽0.

The factorization in Theorem 3.2(a) is the part of the theorem that carries architectural
content, so we name its halves. The map exp𝐽 is a cone lift: it takes an element of 𝐽 , which
has no positivity, and returns an element of Ω𝐽 , which does. The map 𝜋 is normalization: it
rescales an element that is already positive onto the trace-one slice. A model emitting cone
elements directly may omit the lift, having thereby changed its score coordinates; Section 9
takes up what it then owes. For the moment we take the chart as given and ask what it looks
like in the carrier everyone already uses.

J ­J

J=ℝe B±J

expJ

≅

q ¼

¡J

≅

FIG. 1. The Gibbs chart as a cone lift followed by a normalization. The horizontal maps are diffeomorphisms; the
vertical maps quotient by the additive gauge ℝ𝑒 on the left and the multiplicative gauge ℝ>0 on the right. Softmax is
this square for 𝐽 = ℝ𝑛.

The chart also factorizes over a reducible carrier, in a way that puts ordinary softmax on
the outside.

Proposition 3.3 (Direct-sum factorization). Let 𝐽 = ⨁𝑠
𝑎=1 𝐽𝑎 with each 𝐽𝑎 a Euclidean Jordan

algebra, write 𝑥 = (𝑥1, … , 𝑥𝑠) and 𝑍𝑎 = tr𝐽𝑎 exp𝐽𝑎(𝑥𝑎). Then

Γ𝐽 (𝑥) =
𝑠

⨁
𝑎=1

𝛼𝑎 Γ𝐽𝑎(𝑥𝑎), 𝛼𝑎 =
𝑍𝑎

∑𝑏 𝑍𝑏
= softmax(log 𝑍1, … , log 𝑍𝑠)𝑎. (8)
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Consequently

ℬ∘
𝐽 ≅ Δ∘

𝑠−1 ×
𝑠

∏
𝑎=1

ℬ∘
𝐽𝑎 , (𝛼, 𝑝1, … , 𝑝𝑠) ⟼ ⨁

𝑎
𝛼𝑎𝑝𝑎,

a real-analytic diffeomorphism. A reducible carrier is thus an outer simplicial softmax over the
factor log-partition functions, followed by an inner Gibbs chart inside each factor.

Proof. The Jordan product, spectral calculus and trace of 𝐽 are all factorwise, so exp𝐽 (𝑥) =
⨁𝑎 exp𝐽𝑎(𝑥𝑎) and tr𝐽 exp𝐽 (𝑥) = ∑𝑎 𝑍𝑎. Dividing and inserting 𝑍𝑎/𝑍𝑎 in the 𝑎-th block gives (8);
the softmax form is 𝑒log 𝑍𝑎 = 𝑍𝑎. The displayed map is inverse to 𝑝 ↦ (𝛼, 𝛼−11 𝑝1, … , 𝛼−1𝑠 𝑝𝑠) with
𝛼𝑎 = tr𝐽𝑎(𝑝𝑎), which is positive on ℬ∘

𝐽 ; both directions are real-analytic.

Remark 3.1 (What relative shifts between ideals do). Adding 𝑡 to the 𝑎-th block alone multiplies
𝑍𝑎 by 𝑒𝑡 , so it moves 𝛼 by an ordinary softmax logit shift and leaves every inner state Γ𝐽𝑎(𝑥𝑎)
untouched. Only the global shift 𝑥 ↦ 𝑥 + 𝑎𝑒 is invisible, which is Theorem 3.2(b); relative shifts
between ideals are the visible remainder.

4 the simplicial specialization: ordinary softmax

Theorem 4.1 — Softmax is the Gibbs chart of ℝ𝑛

Let 𝐽𝑛 = ℝ𝑛 with 𝑥 ∘ 𝑦 = (𝑥1𝑦1, … , 𝑥𝑛𝑦𝑛), unit 𝑒 = (1, … , 1) and trace tr𝐽 (𝑥) = ∑𝑖 𝑥𝑖. Then
Ω𝐽𝑛 = ℝ𝑛>0, the open state space ℬ∘

𝐽𝑛 is the interior of the probability simplex Δ𝑛−1, and

Γ𝐽𝑛(𝑥)𝑖 = 𝑒𝑥𝑖
∑𝑛

𝑗=1 𝑒
𝑥𝑗

= softmax(𝑥)𝑖.

Proof. The standard basis is the unique unordered Jordan frame of 𝐽𝑛: each 𝑐𝑖 is a primitive
idempotent, they are pairwise orthogonal, and they sum to 𝑒. So rank 𝐽𝑛 = 𝑛 and 𝑥 = ∑𝑖 𝑥𝑖𝑐𝑖 is
already the spectral decomposition (1), spectral calculus being coordinatewise. Squares are
𝑦 ∘ 𝑦 = ∑𝑖 𝑦

2
𝑖 𝑐𝑖, so the closed cone of squares is ℝ𝑛≥0 with interior ℝ𝑛>0 and trace-one section the

open simplex, and (7) reads Γ𝐽𝑛(𝑥) = ∑𝑖 𝑒𝑥𝑖𝑐𝑖/∑𝑗 𝑒
𝑥𝑗 .

Corollary 4.2. softmax(𝑥 + 𝑎𝟏) = softmax(𝑥) for all 𝑎 ∈ ℝ, and this identity says exactly that
softmax depends on 𝑥 only through the ray ℝ>0 exp𝐽 (𝑥) ⊂ Ω𝐽𝑛 .

Proof. Theorem 3.2(b) with 𝑒 = 𝟏, read along the right-hand vertical map of Figure 1: exp𝐽
carries the additive gauge 𝑥 ∼ 𝑥 + 𝑎𝟏 to the multiplicative gauge exp𝐽 (𝑥) ∼ 𝑒𝑎 exp𝐽 (𝑥), and 𝜋
chooses the trace-one representative on each ray.

The formula is therefore not an ansatz that happens to work: it is what the carrier produces.
Whether some other formula would have worked equally well is the next question.
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5 shift invariance characterizes the gibbs family

Theorem 4.1 identifies softmax with an object the carrier already possessed. The next theorem
says the identification is rigid, and on every carrier at once: within the class of separable spectral
normalizers, shift invariance forces the exponential family, with a single real parameter as
the only residual freedom. For carriers of rank at least two, common-score-shift invariance
characterizes, among continuous separable spectral normalizers, the one-parameter Gibbs
family Γ𝐽 (𝛽 ⋅ ); order preservation selects 𝛽 > 0, and a temperature convention selects 𝛽 = 1.
The rigidity is conditional on that class, and Remark 5.2 draws the line precisely; inside it, the
only thing to tune is temperature.

For continuous 𝜑 ∶ ℝ → ℝ>0, define its spectral lift 𝜑𝐽 (𝑥) = ∑𝑘 𝜑(𝜆𝑘)𝑐𝑘 and the associated
separable spectral normalizer 𝒩𝜑,𝐽 (𝑥) = 𝜑𝐽 (𝑥)/ tr𝐽 𝜑𝐽 (𝑥).

Theorem 5.1 — Shift invariance forces the Gibbs temperature family

Let 𝐽 be a Euclidean Jordan algebra of rank 𝑟 ≥ 2 and let 𝜑 ∶ ℝ → ℝ>0 be continuous. If

𝒩𝜑,𝐽 (𝑥 + 𝑎𝑒) = 𝒩𝜑,𝐽 (𝑥) for all 𝑥 ∈ 𝐽 , 𝑎 ∈ ℝ,

then there exist 𝐶 > 0 and 𝛽 ∈ ℝ with 𝜑(𝑠) = 𝐶𝑒𝛽𝑠 , and consequently 𝒩𝜑,𝐽 = Γ𝐽 (𝛽 ⋅ ). The
constant 𝐶 is invisible; the residual scalar 𝛽 is the Gibbs parameter, and every 𝛽 ∈ ℝ occurs.

Proof. Step 1 (extract a coefficient ratio). Fix a Jordan frame (𝑐1, … , 𝑐𝑟 ), whose members satisfy
⟨𝑐𝑖, 𝑐𝑗⟩ = 𝛿𝑖𝑗 . For 𝑠, 𝑡 ∈ ℝ put 𝑥 = 𝑠𝑐1 + 𝑡𝑐2, with remaining eigenvalues 0. Pairing with the fixed
frame members,

⟨𝒩𝜑,𝐽 (𝑥), 𝑐1⟩/⟨𝒩𝜑,𝐽 (𝑥), 𝑐2⟩ =
𝜑(𝑠)
𝜑(𝑡)

,

the common denominator cancelling. Since 𝑥 + 𝑎𝑒 is diagonalized by the same frame with
eigenvalues shifted by 𝑎, the hypothesis gives 𝜑(𝑠 + 𝑎)/𝜑(𝑡 + 𝑎) = 𝜑(𝑠)/𝜑(𝑡) for all 𝑠, 𝑡 , 𝑎.

Step 2 (a multiplicative Cauchy equation). Set 𝑡 = 0: 𝜑(𝑠 + 𝑎) = 𝜑(𝑠)𝜑(𝑎)/𝜑(0). Put 𝑔(𝑠) =
𝜑(𝑠)/𝜑(0), continuous and positive with 𝑔(0) = 1 and 𝑔(𝑠 + 𝑎) = 𝑔(𝑠)𝑔(𝑎).

Step 3 (solve it). ℎ = log 𝑔 is continuous and additive, hence ℝ-linear: ℎ(𝑠) = 𝛽𝑠. Therefore
𝜑(𝑠) = 𝜑(0)𝑒𝛽𝑠 .

Step 4 (normalize). Substituting, the constant cancels, and by (7) the result is Γ𝐽 (𝛽𝑥).

Corollary 5.2 (Barycentric calibration selects unit temperature). For ℎ ∈ 𝐽0,

𝐷Γ𝐽 (0)[ℎ] = 1
𝑟 ℎ, hence 𝐷(Γ𝐽 (𝛽 ⋅ ))(0)[ℎ] = 𝛽

𝑟 ℎ.

Consequently, if a separable spectral normalizer 𝒩 satisfies the hypotheses of Theorem 5.1
together with the calibration axiom

𝐷𝒩 (0)|𝐽0 = 1
𝑟 id𝐽0 , (9)

then 𝛽 = 1 and 𝒩 = Γ𝐽 exactly.
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Proof. Let ℎ ∈ 𝐽0. Analyticity of exp𝐽 gives exp𝐽 (𝑡ℎ) = 𝑒 + 𝑡ℎ + 𝑂(𝑡2), and tr𝐽 ℎ = 0 gives
tr𝐽 exp𝐽 (𝑡ℎ) = 𝑟 + 𝑂(𝑡2), so

Γ𝐽 (𝑡ℎ) = 𝑒
𝑟
+ 𝑡
𝑟
ℎ + 𝑂(𝑡2)

and 𝐷Γ𝐽 (0)[ℎ] = ℎ/𝑟 . The chain rule gives the 𝛽-scaled version, and Theorem 5.1 says every
admissible 𝒩 is of that form, so (9) forces 𝛽 = 1.

Equivalently, (9) asks that the Hessian metric of Corollary 7.11 at the barycenter 𝑒/𝑟 be the
canonical trace metric scaled by 1/𝑟 , since 𝑔𝑒/𝑟 (ℎ, 𝑘) = ⟨ℎ, 𝐷Γ𝐽 (0)𝑘⟩ = 1/𝑟⟨ℎ, 𝑘⟩; that reading
selects the same branch.
The exact statement is therefore in two stages: common-shift invariance determines the Gibbs
temperature family; barycentric first-order calibration determines the unit-temperature Gibbs
chart.
Remark 5.1 (Rank one, and how little the theorem needs). If rank 𝐽 = 1 then 𝐽 = ℝ𝑒, ℬ∘

𝐽 = {𝑒},
and every positive separable normalizer is the same constant map 𝑥 ↦ 𝑒. Shift invariance
therefore has no classificatory force in rank one, and the hypothesis 𝑟 ≥ 2 in Theorem 5.1 is
exactly the condition under which there is something to classify.

At the other end, the proof consumes very little. Step 1 evaluates only on the flat ℝ𝑐1 ⊕ ℝ𝑐2
spanned by two orthogonal primitive idempotents, so shift invariance on one fixed rank-two
diagonal slice already forces the exponential family globally. Continuity may be replaced by
any regularity hypothesis excluding the pathological additive solutions of Cauchy’s equation
— measurability, or local boundedness on a set of positive measure — since Step 3 needs only
that ℎ be additive and non-pathological.

Corollary 5.3 (The order-preserving branch). In the setting of Theorem 5.1: 𝛽 = 0 gives
the constant map 𝑥 ↦ 𝑒/𝑟 ; nonconstancy, equivalently surjectivity onto ℬ∘

𝐽 , forces 𝛽 ≠ 0;
and strict preservation of score order forces 𝛽 > 0. Under the thermodynamic identification
𝑥 = −𝐻 for an energy observable 𝐻 , the parameter 𝛽 is inverse temperature: 𝛽 > 0 the
positive-temperature branch, 𝛽 = 0 the uniform infinite-temperature state, 𝛽 < 0 the negative-
temperature, population-inverted branch.

Proof. For 𝛽 = 0 every weight is 1/𝑟 . For 𝛽 ≠ 0, precomposition with the invertible scaling
𝑥 ↦ 𝛽𝑥 leaves Theorem 3.2(c) intact, so the map is surjective and nonconstant. The weight on
𝑐𝑖 is 𝑒𝛽𝜆𝑖/∑𝑘 𝑒𝛽𝜆𝑘 , strictly increasing in 𝜆𝑖 exactly when 𝛽 > 0.

Classification and branch selection are kept apart deliberately: order preservation is a
property of ordinary attention, not a hypothesis of the functional equation, and the 𝛽 ≤ 0
members are states of the same family.
Remark 5.2 (What the hypothesis excludes). Separability is the substantive restriction, and
shift-invariant surjections onto the simplex that are not separable exist. The Euclidean projec-
tion sparsemax(𝑧) = argmin𝑝∈Δ ‖𝑝 − 𝑧‖2 [29] is shift-invariant — on Δ the cross term −2𝑎⟨𝟏, 𝑝⟩
is constant in 𝑝, so the minimizer does not move — and its coordinates depend on a threshold
computed from the whole vector, not on 𝑧𝑖 alone. The 𝛼-entmax family [33] interpolates between
it and softmax; in the dual description of Section 6 these arise by replacing Shannon entropy
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with Tsallis entropy [44] in the variational problem, and they map onto the closed simplex, which
Γ𝐽 by construction does not. A normalized positive kernel 𝑧 ↦ 𝜅(𝑧)/∑𝑖 𝜅(𝑧)𝑖 is simplex-valued
for any positive 𝜅; what Theorem 5.1 adds is that among the separable coordinatewise kernels
𝜅(𝑧)𝑖 = 𝜑(𝑧𝑖), only the exponential family is shift-invariant. Nonseparable positive kernels are
not covered by the theorem and may be shift-invariant for other reasons, as sparsemax is.

Rigidity of this kind usually means the object solves a variational problem, and this one
does.

6 variational duality and zero-temperature faces

The variational characterization below is not new as an identity: it is the symmetric-cone
negative entropy underlying symmetric-cone multiplicative weights [14, 6]. What follows is a
self-contained proof, chosen for its equality analysis, which is what the geometry of Sections 7
and 9 needs and which spares the reader an excursion into the optimization literature.

The Gibbs chart is the gradient of a convex potential, and the potential is the Legendre
transform of the spectral negative entropy. A single overlap-matrix argument gives convexity,
the gradient identity, uniqueness of the maximizer, and the conjugate, with no differentiation
of Jordan power series.

With ℎ(𝑡) = 𝑡 log 𝑡 for 𝑡 > 0 and ℎ(0) = 0, define the spectral negative entropy

𝜂𝐽 (𝑝) = tr𝐽 ℎ(𝑝) = ∑
𝑘
𝜇𝑘 log 𝜇𝑘 , 𝑝 = ∑

𝑘
𝜇𝑘𝑑𝑘 ∈ ℬ𝐽 .

Its negative 𝑆𝐽 (𝑝) = −𝜂𝐽 (𝑝) is the Jordan entropy; for 𝐽 = Herm𝑟 (ℂ) it is the von Neumann
entropy and for 𝐽 = ℝ𝑛 the Shannon entropy.

We use one standard fact about the cone, the complementarity condition familiar from
symmetric-cone programming.

Lemma 6.1 (Cone orthogonality). If 𝑎, 𝑏 ∈ Ω𝐽 and ⟨𝑎, 𝑏⟩ = 0, then 𝑎 ∘ 𝑏 = 0.

Proof. Step 1 (a single primitive idempotent). Let 𝑓 be a primitive idempotent and write 𝑏 = 𝑦 ∘2
with 𝑦 = 𝑏1/2 ∈ Ω𝐽 , which exists by spectral calculus. Associativity (2) of the trace form gives

0 = ⟨𝑓 , 𝑏⟩ = ⟨𝑓 , 𝑦 ∘ 𝑦⟩ = ⟨𝐿𝑓 𝑦, 𝑦⟩.

The operator 𝐿𝑓 is self-adjoint with spectrum in {0, 1/2, 1}, hence positive semidefinite, so
⟨𝐿𝑓 𝑦, 𝑦⟩ = 0 forces 𝐿𝑓 𝑦 = 0, that is 𝑦 ∈ 𝑉0(𝑓 ). Since 𝑉0(𝑓 ) is a Jordan subalgebra [17,
Prop. IV.1.1], also 𝑏 = 𝑦 ∘2 ∈ 𝑉0(𝑓 ), and therefore 𝑓 ∘ 𝑏 = 0.

Step 2 (the general case). Write 𝑎 = ∑𝑖 𝛼𝑖𝑓𝑖 with 𝛼𝑖 > 0 on the support and (𝑓𝑖) orthogonal
primitive idempotents. Self-duality of the cone gives ⟨𝑓𝑖, 𝑏⟩ ≥ 0 for every 𝑖, so 0 = ⟨𝑎, 𝑏⟩ =
∑𝑖 𝛼𝑖⟨𝑓𝑖, 𝑏⟩ is a sum of nonnegative terms and each vanishes. By Step 1, 𝑓𝑖 ∘ 𝑏 = 0 on the support
of 𝑎, whence 𝑎 ∘ 𝑏 = ∑𝑖 𝛼𝑖 𝑓𝑖 ∘ 𝑏 = 0.
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Remark 6.1. Positivity of 𝑏 is used, not decorative. The quadratic representation 𝑃(𝑓 ) anni-
hilates the whole Peirce 1/2-space 𝑉1/2(𝑓 ), so 𝑃(𝑓 )𝑏 = 0 does not by itself give 𝑓 ∘ 𝑏 = 0: any
nonzero 𝑏 ∈ 𝑉1/2(𝑓 ) has 𝑃(𝑓 )𝑏 = 0 and 𝑓 ∘ 𝑏 = 1/2𝑏 ≠ 0. Such a 𝑏 is of course not in the closed
cone.

The next definition names an object that the proof below produces and that Sections 7 and 9
use again: it is the elementary carrier of relative-frame information between two spectrally
decomposed elements.

Definition 6.2 (Overlap matrix). Let 𝑥 = ∑𝑖 𝛼𝑖𝑐𝑖 and 𝑦 = ∑𝑗 𝛽𝑗𝑑𝑗 be spectral decompositions in
𝐽 , with respect to (possibly different) Jordan frames 𝑐 and 𝑑 . Their overlap matrix is 𝑀𝑖𝑗 = ⟨𝑐𝑖, 𝑑𝑗⟩.

Lemma 6.3 (The overlap matrix is doubly stochastic). 𝑀 is doubly stochastic, and for all
𝑓 , 𝑔 ∶ ℝ → ℝ,

⟨𝑓 (𝑥), 𝑔(𝑦)⟩ = ∑
𝑖,𝑗

𝑓 (𝛼𝑖)𝑔(𝛽𝑗)𝑀𝑖𝑗 = 𝑓 (𝛼)⊤𝑀 𝑔(𝛽). (10)

𝑀 is a permutation matrix exactly when the two frames coincide up to order; for 𝐽 ≅ ℝ𝑟 that
is the only possibility, and whenever dim𝔉𝐽 > 0 the matrix 𝑀 varies continuously with the
relative frame.

Proof. The cone is self-dual and 𝑐𝑖, 𝑑𝑗 ∈ Ω𝐽 , so 𝑀𝑖𝑗 ≥ 0; and ∑𝑗 𝑀𝑖𝑗 = ⟨𝑐𝑖, 𝑒⟩ = tr𝐽 𝑐𝑖 = 1,
symmetrically for columns. The pairing (10) is bilinearity of ⟨⋅, ⋅⟩ applied to 𝑓 (𝑥) = ∑𝑖 𝑓 (𝛼𝑖)𝑐𝑖
and 𝑔(𝑦) = ∑𝑗 𝑔(𝛽𝑗)𝑑𝑗 . A doubly stochastic matrix is a permutation matrix exactly when every
entry is 0 or 1; since ⟨𝑐𝑖, 𝑑𝑗⟩ = 1 with both of unit norm forces 𝑐𝑖 = 𝑑𝑗 by the equality case of
Cauchy–Schwarz, this happens exactly when the frames agree up to order. In ℝ𝑟 the frame is
unique up to order (Theorem 7.4), so 𝑀 is always a permutation matrix.

Theorem 6.4 — Gibbs variational theorem

For every Euclidean Jordan algebra 𝐽 and every 𝑥 ∈ 𝐽 ,

Ψ𝐽 (𝑥) ∶= log tr𝐽 (exp𝐽 𝑥) = max
𝑝 ∈ℬ𝐽

{ ⟨𝑥, 𝑝⟩ − 𝜂𝐽 (𝑝) },

and the maximizer is unique and equals 𝑝 = Γ𝐽 (𝑥). Consequently Ψ𝐽 is convex on 𝐽 , strictly
convex on 𝐽0, real-analytic, and ∇Ψ𝐽 (𝑥) = Γ𝐽 (𝑥) with respect to the trace inner product. The
Legendre–Fenchel conjugate [37, §12] is

Ψ∗
𝐽 (𝑝) = {

𝜂𝐽 (𝑝), 𝑝 ∈ ℬ𝐽 ,
+∞, 𝑝 ∉ ℬ𝐽 .

Proof. The only obstruction is that 𝑥 and 𝑝 may be diagonal in different Jordan frames; the over-
lap matrix converts that mismatch into a doubly stochastic matrix, after which the inequality
is classical.

Step 1 (the overlap matrix). Write 𝑥 = ∑𝑖 𝜆𝑖𝑐𝑖 and 𝑝 = ∑𝑗 𝜇𝑗𝑑𝑗 in possibly different frames and let
𝑀 be their overlap matrix (Definition 6.2). By Lemma 6.3 it is doubly stochastic; in particular
each column 𝑀⋅𝑗 is a probability vector on the index set of the frame of 𝑥 .
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Step 2 (regroup the objective). Put 𝑍 = ∑𝑖 𝑒𝜆𝑖 and 𝑤𝑖 = 𝑒𝜆𝑖/𝑍 , so that 𝜆𝑖 = log 𝑤𝑖 + log 𝑍 . Using
∑𝑖𝑀𝑖𝑗 = 1 and ∑𝑗 𝜇𝑗 = 1,

⟨𝑥, 𝑝⟩ = ∑
𝑖,𝑗

𝜆𝑖𝜇𝑗𝑀𝑖𝑗 = log 𝑍 + ∑
𝑗
𝜇𝑗 ∑

𝑖
𝑀𝑖𝑗 log 𝑤𝑖,

and therefore
⟨𝑥, 𝑝⟩ − 𝜂𝐽 (𝑝) = log 𝑍 +∑

𝑗
𝜇𝑗[∑

𝑖
𝑀𝑖𝑗 log 𝑤𝑖 − log 𝜇𝑗 ]. (11)

Step 3 (two applications of Jensen). Set 𝑤𝑗 = ∑𝑖𝑀𝑖𝑗𝑤𝑖. Then 𝑤 is again a probability vector,
since ∑𝑗 𝑤𝑗 = ∑𝑖 𝑤𝑖∑𝑗 𝑀𝑖𝑗 = ∑𝑖 𝑤𝑖 = 1. Concavity of log against the probability vector 𝑀⋅𝑗 gives
∑𝑖𝑀𝑖𝑗 log 𝑤𝑖 ≤ log 𝑤𝑗 , so (11) yields

⟨𝑥, 𝑝⟩ − 𝜂𝐽 (𝑝) ≤ log 𝑍 +∑
𝑗
𝜇𝑗 log

𝑤𝑗
𝜇𝑗

= log 𝑍 − 𝐷KL(𝜇 ‖ 𝑤) ≤ log 𝑍 = Ψ𝐽 (𝑥)

for every 𝑝 ∈ ℬ𝐽 .

Step 4 (equality forces the spectral projections to coincide). Suppose equality holds. The second
inequality gives 𝜇 = 𝑤 . Every 𝑤𝑖 > 0 and every column of 𝑀 sums to 1, so 𝑤𝑗 = ∑𝑖𝑀𝑖𝑗𝑤𝑖 > 0
for every 𝑗; hence 𝜇𝑗 > 0 for every 𝑗, and no index is exceptional in what follows. In the first
inequality log is strictly concave, so for every 𝑗 the probability vector 𝑀⋅𝑗 is supported where 𝑤𝑖 is
constant. Let 𝑣1 > ⋯ > 𝑣𝑠 be the distinct values of 𝑤 , let 𝐵𝑘 = {𝑖 ∶ 𝑤𝑖 = 𝑣𝑘} and 𝑃𝑘 = ∑𝑖∈𝐵𝑘 𝑐𝑖, let
𝑘(𝑗) be the block containing the support of 𝑀⋅𝑗 , and let 𝑄𝑘 = ∑𝑗 ∶ 𝑘(𝑗)=𝑘 𝑑𝑗 . Then 𝜇𝑗 = 𝑤𝑗 = 𝑣𝑘(𝑗),
so 𝑝 = ∑𝑘 𝑣𝑘𝑄𝑘 .

For 𝑘 ≠ 𝑙, ⟨𝑃𝑘 , 𝑄𝑙⟩ = ∑𝑖∈𝐵𝑘 ∑𝑗∶𝑘(𝑗)=𝑙 𝑀𝑖𝑗 = 0, and both elements lie in Ω𝐽 ; by Lemma 6.1 this
forces 𝑃𝑘 ∘ 𝑄𝑙 = 0. Since ∑𝑙 𝑃𝑙 = 𝑒,

𝑄𝑘 = 𝑄𝑘 ∘ 𝑒 = ∑
𝑙
𝑄𝑘 ∘ 𝑃𝑙 = 𝑄𝑘 ∘ 𝑃𝑘 ,

and symmetrically 𝑃𝑘 = 𝑃𝑘 ∘ 𝑄𝑘 , so 𝑃𝑘 = 𝑄𝑘 for every 𝑘. Hence 𝑝 = ∑𝑘 𝑣𝑘𝑃𝑘 = ∑𝑖 𝑤𝑖𝑐𝑖 = Γ𝐽 (𝑥) by
(7): the maximizer exists, is unique, and is the Gibbs chart value.

Step 5 (convexity, strict convexity, and the gradient). As a supremum of affine functions of 𝑥 , Ψ𝐽
is convex; it is real-analytic because exp𝐽 and tr𝐽 are and 𝑍 > 0. A finite convex function whose
subdifferential at each point contains the unique maximizing state, and which is differentiable
by analyticity, has ∇Ψ𝐽 (𝑥) = Γ𝐽 (𝑥). If Ψ𝐽 were affine on a nondegenerate segment in 𝐽0, its
gradient would be constant there, so Γ𝐽 would take one value at two distinct points of 𝐽0,
contradicting the injectivity in Theorem 3.2(c). Hence Ψ𝐽 is strictly convex on 𝐽0; it is affine
along ℝ𝑒, so not on all of 𝐽 .

Step 6 (the conjugate on the state space). For 𝑝 ∈ ℬ∘
𝐽 , taking 𝑥 = log𝐽 𝑝 gives ⟨𝑥, 𝑝⟩ − Ψ𝐽 (𝑥) =

tr𝐽 (𝑝 ∘ log𝐽 𝑝)−log tr𝐽 𝑝 = 𝜂𝐽 (𝑝), so with Step 2 the conjugate equals 𝜂𝐽 (𝑝) there. For 𝑝 = ∑𝑖 𝜇𝑖𝑐𝑖
on the boundary of ℬ𝐽 , take 𝑥𝜀 = ∑𝑖 log(𝜇𝑖 + 𝜀) 𝑐𝑖 for 𝜀 > 0. Then exp𝐽 (𝑥𝜀) = ∑𝑖(𝜇𝑖 + 𝜀)𝑐𝑖, so
Ψ𝐽 (𝑥𝜀) = log(1 + 𝑟𝜀), and

⟨𝑥𝜀 , 𝑝⟩ − Ψ𝐽 (𝑥𝜀) = ∑
𝑖
𝜇𝑖 log(𝜇𝑖 + 𝜀) − log(1 + 𝑟𝜀) −−−−→

𝜀↓0
∑
𝑖
𝜇𝑖 log 𝜇𝑖 = 𝜂𝐽 (𝑝),
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termwise (the sum is finite, and 0 log 0 = 0). Together with Step 2 this gives Ψ∗
𝐽 (𝑝) = 𝜂𝐽 (𝑝) on

all of ℬ𝐽 .

Step 7 (the conjugate off the state space). If tr𝐽 𝑝 ≠ 1, take 𝑥 = 𝑎𝑒: ⟨𝑥, 𝑝⟩ −Ψ𝐽 (𝑥) = 𝑎(tr𝐽 𝑝 − 1) −
log 𝑟 is unbounded above in 𝑎. If tr𝐽 𝑝 = 1 but 𝑝 ∉ Ω𝐽 , pick a spectral decomposition 𝑝 = ∑𝜇𝑘𝑑𝑘
with 𝜇𝑘0 < 0 and take 𝑥 = −𝑡 𝑑𝑘0: then ⟨𝑥, 𝑝⟩ = −𝑡𝜇𝑘0 → +∞ while Ψ𝐽 (−𝑡 𝑑𝑘0) = log(𝑟 − 1 + 𝑒−𝑡)
stays bounded.

Remark 6.2 (Why not Birkhoff). A doubly stochastic overlap matrix invites the classical route:
Birkhoff’s theorem [12] writes 𝑀 as a convex combination of permutations, and the rearrange-
ment inequality [20, Thm. 368] then bounds ⟨𝑥, 𝑝⟩ by the similarly-ordered pairing. That yields
the same inequality, but its equality case only says that some permutation is optimal, which
does not by itself identify 𝑝. The two applications of Jensen above give the bound and the
equality case together, and the equality case is what Lemma 6.1 converts into 𝑃𝑘 = 𝑄𝑘 .
Remark 6.3. Ψ𝐽 is the spectral lift of the symmetric function LSE(𝜆) = log∑𝑖 𝑒𝜆𝑖 — a joint
function of the whole spectrum, not a separable sum ∑𝑖 𝑓 (𝜆𝑖). The transfer of convexity from
symmetric functions of eigenvalues to spectral functions goes back to Davis [15] for Hermitian
matrices, with the modern conjugacy formulation due to Lewis [27]; Baes [4] carries the theory
to arbitrary Euclidean Jordan algebras. The proof above makes these citations corroborative
rather than load-bearing.

The deficit in the variational bound is a divergence.

Corollary 6.5 (Jordan relative entropy). For 𝑝 ∈ ℬ𝐽 and 𝑞 ∈ ℬ∘
𝐽 define

𝐷𝐽 (𝑝 ‖ 𝑞) = 𝜂𝐽 (𝑝) − ⟨𝑝, log𝐽 𝑞⟩.

Then 𝐷𝐽 (𝑝‖𝑞) ≥ 0, with equality if and only if 𝑝 = 𝑞, and for every 𝑥 ∈ 𝐽

Ψ𝐽 (𝑥) − ⟨𝑥, 𝑝⟩ + 𝜂𝐽 (𝑝) = 𝐷𝐽 (𝑝 ‖ Γ𝐽 (𝑥)).

For 𝐽 = ℝ𝑛 this is the Kullback–Leibler divergence, and for 𝐽 = Herm𝑟 (ℂ) the Umegaki quantum
relative entropy [45].

Proof. Take 𝑥 = log𝐽 𝑞 in Theorem 6.4. Since tr𝐽 𝑞 = 1 we have Ψ𝐽 (log𝐽 𝑞) = log tr𝐽 𝑞 = 0,
so the theorem reads 0 ≥ ⟨log𝐽 𝑞, 𝑝⟩ − 𝜂𝐽 (𝑝), which is 𝐷𝐽 (𝑝‖𝑞) ≥ 0; equality holds exactly at
the unique maximizer 𝑝 = Γ𝐽 (log𝐽 𝑞) = 𝑞. For the identity, write 𝑃 = Γ𝐽 (𝑥) = exp𝐽 (𝑥)/𝑍 , so
log𝐽 𝑃 = 𝑥 − (log 𝑍)𝑒 and

𝐷𝐽 (𝑝‖𝑃) = 𝜂𝐽 (𝑝) − ⟨𝑝, 𝑥⟩ + (log 𝑍) tr𝐽 𝑝 = 𝜂𝐽 (𝑝) − ⟨𝑥, 𝑝⟩ + Ψ𝐽 (𝑥),

using tr𝐽 𝑝 = 1 and Ψ𝐽 (𝑥) = log 𝑍 .

Remark 6.4 (Bregman form). On the affine state space, 𝐷𝐽 (𝑝 ‖ 𝑞) is the Bregman divergence
generated by the spectral negative entropy 𝜂𝐽 . The ambient gradient of 𝜂𝐽 is ∇𝜂𝐽 (𝑞) = log𝐽 𝑞 + 𝑒,
so for 𝑝, 𝑞 ∈ ℬ∘

𝐽

𝜂𝐽 (𝑝) − 𝜂𝐽 (𝑞) − ⟨𝑝 − 𝑞, ∇𝜂𝐽 (𝑞)⟩ = 𝜂𝐽 (𝑝) − 𝜂𝐽 (𝑞) − ⟨𝑝 − 𝑞, log𝐽 𝑞⟩ = 𝐷𝐽 (𝑝 ‖ 𝑞),

the 𝑒-term dropping because ⟨𝑝 − 𝑞, 𝑒⟩ = tr𝐽 𝑝 − tr𝐽 𝑞 = 0 and the 𝜂𝐽 (𝑞) terms cancelling against
⟨𝑞, log𝐽 𝑞⟩ = 𝜂𝐽 (𝑞). This places Γ𝐽 and 𝜂𝐽 in the standard dually flat picture, and makes the
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mirror-descent reading immediate, without importing any further theorem. For Hermitian
matrix carriers the same generator 𝑡 log 𝑡 produces the Bregman representation of the relative
operator entropy studied by Petz [36]; the displayed calculation establishes the corresponding
statement on an arbitrary Euclidean Jordan carrier directly, without passing through an
associative model.

Corollary 6.6 (Thermodynamic form). Let 𝐻 ∈ 𝐽 , 𝛽 ∈ ℝ, and 𝜌𝛽,𝐻 = Γ𝐽 (−𝛽𝐻). Then

𝜌𝛽,𝐻 = argmax
𝑝 ∈ℬ𝐽

{ 𝑆𝐽 (𝑝) − 𝛽⟨𝐻 , 𝑝⟩ },

uniformly in the sign of 𝛽 — the maximum-entropy formulation of statistical mechanics [23],
transported to the carrier 𝐽 . Writing 𝐴(𝛽) = Ψ𝐽 (−𝛽𝐻) = log tr𝐽 (𝑒−𝛽𝐻 ) for the log-partition,
or Massieu, potential and Var𝜌(𝐻) = ⟨𝐻 ∘2, 𝜌⟩ − ⟨𝐻 , 𝜌⟩2, one has −𝐴′(𝛽) = ⟨𝐻 , 𝜌𝛽,𝐻 ⟩ =∶ 𝑈 ,
𝐴″(𝛽) = Var𝜌𝛽,𝐻 (𝐻) ≥ 0, and 𝑆𝐽 (𝜌𝛽,𝐻 ) = 𝐴(𝛽) + 𝛽𝑈 ; for 𝛽 ≠ 0 the corresponding Helmholtz free
energy is ℱ (𝛽) = −𝛽−1𝐴(𝛽). For each fixed 𝛽 ≠ 0 the map [𝐻] ↦ 𝜌𝛽,𝐻 is a diffeomorphism
𝐽/ℝ𝑒 → ℬ∘

𝐽 ; at 𝛽 = 0 it collapses to 𝑒/𝑟 . Since the state depends only on 𝛽𝐻 modulo ℝ𝑒, a
parameterized theory must fix an energy scale or quotient that redundancy.

Proof. Substitute 𝑥 = −𝛽𝐻 in Theorem 6.4 and rearrange; the identities follow by differen-
tiating 𝐴 using ∇Ψ𝐽 = Γ𝐽 , the variance appearing as the second derivative of a log-partition
function. The diffeomorphism statement is Theorem 3.2(c) precomposed with 𝐻 ↦ −𝛽𝐻 .

Corollary 6.7 (Zero temperature selects exposed-face barycenters). For 𝑥 ∈ 𝐽 let 𝜆max(𝑥) and
𝜆min(𝑥) be the extremal eigenvalues, 𝐸max and 𝐸min their spectral idempotents, and 𝑚max =
tr𝐽 𝐸max, 𝑚min = tr𝐽 𝐸min their multiplicities. Define the exposed faces

𝐹+𝑥 = {𝑝 ∈ ℬ𝐽 ∶ ⟨𝑥, 𝑝⟩ = 𝜆max(𝑥)}, 𝐹−𝑥 = {𝑝 ∈ ℬ𝐽 ∶ ⟨𝑥, 𝑝⟩ = 𝜆min(𝑥)}.

Then
𝐹+𝑥 = ℬ𝐽 ∩ 𝑉1(𝐸max), 𝐹−𝑥 = ℬ𝐽 ∩ 𝑉1(𝐸min),

and each limit below exists and is the unique entropy maximizer of its face:

lim
𝛽→+∞

Γ𝐽 (𝛽𝑥) = argmax
𝑝 ∈ 𝐹+𝑥

𝑆𝐽 (𝑝) =
𝐸max
𝑚max

, lim
𝛽→−∞

Γ𝐽 (𝛽𝑥) = argmax
𝑝 ∈ 𝐹−𝑥

𝑆𝐽 (𝑝) =
𝐸min
𝑚min

.

If 𝑥 ∉ ℝ𝑒 the faces are proper and both limits lie on 𝜕ℬ𝐽 , which Γ𝐽 itself never reaches; if
𝑥 ∈ ℝ𝑒 both faces are all of ℬ𝐽 and both limits equal the interior barycenter 𝑒/𝑟 . For 𝐽 = ℝ𝑛
the positive limit is the uniform distribution on the set of maximizing coordinates — the Jordan
form of argmax — and for matrix and exceptional carriers it is the normalized projection onto
the extremal eigenspace.

Proof. Step 1 (the face is a Peirce state space). Write 𝜆max = 𝜆max(𝑥) and 𝑦 = 𝜆max𝑒 − 𝑥 , whose
eigenvalues 𝜆max − 𝜆𝑘 are all nonnegative, so 𝑦 ∈ Ω𝐽 . Self-duality of the cone gives ⟨𝑦 , 𝑝⟩ ≥ 0
for every 𝑝 ∈ ℬ𝐽 , that is ⟨𝑥, 𝑝⟩ ≤ 𝜆max tr𝐽 𝑝 = 𝜆max, with equality exactly when ⟨𝑦 , 𝑝⟩ = 0; by
Lemma 6.1 that is equivalent to 𝑦 ∘ 𝑝 = 0. So the maximum of the linear functional ⟨𝑥, ⋅⟩ on ℬ𝐽
is 𝜆max and 𝐹+𝑥 is the face it exposes.
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The element 𝑦 has strictly positive coefficient on every spectral idempotent of 𝑥 except 𝐸max,
so its support idempotent is 𝑓 = 𝑒 − 𝐸max: write 𝑦 = ∑𝑖 𝛼𝑖𝑓𝑖 with 𝛼𝑖 > 0 and (𝑓𝑖) orthogonal
primitive idempotents summing to 𝑓 . For 𝑝 ∈ Ω𝐽 self-duality makes every ⟨𝑓𝑖, 𝑝⟩ ≥ 0, so
⟨𝑦 , 𝑝⟩ = 0 forces each of them to vanish, and Step 1 of the proof of Lemma 6.1 then gives 𝑓𝑖 ∘𝑝 = 0
for every 𝑖, hence 𝑓 ∘ 𝑝 = 0 and 𝑝 ∈ 𝑉0(𝑓 ) = 𝑉1(𝐸max). Conversely 𝑉1(𝑓 ) ∋ 𝑦 and 𝑉1(𝐸max) are
trace-orthogonal Peirce spaces of 𝑓 , so every 𝑝 ∈ ℬ𝐽 ∩ 𝑉1(𝐸max) satisfies ⟨𝑦 , 𝑝⟩ = 0. This is
𝐹+𝑥 = ℬ𝐽 ∩ 𝑉1(𝐸max).

Step 2 (entropy inside the face). 𝑉1(𝐸max) is a Euclidean Jordan subalgebra with unit 𝐸max and
rank 𝑚max [17, Prop. IV.1.1, Thm. IV.2.1]; its cone is Ω𝐽 ∩𝑉1(𝐸max) and its trace is the restriction
of tr𝐽 , so 𝐹+𝑥 is exactly the closed state space of that rank-𝑚max algebra. An element of 𝐹+𝑥 has
the same nonzero eigenvalues there as in 𝐽 , and ℎ(0) = 0, so 𝜂𝐽 restricts to its spectral negative
entropy. Applying Theorem 6.4 inside 𝑉1(𝐸max) at score 0 gives a unique maximizer of 𝑆𝐽 on 𝐹+𝑥 ,
namely Γ𝑉1(𝐸max)(0) = 𝐸max/𝑚max.

Step 3 (the limits). By shift invariance, Theorem 3.2(b), replace 𝑥 by 𝑥 − 𝜆max𝑒, so that the
distinct eigenvalues are 0 = 𝜃1 > 𝜃2 > ⋯ > 𝜃𝑠 . By (7),

Γ𝐽 (𝛽𝑥) =
𝐸max +∑𝑎≥2 𝑒𝛽𝜃𝑎𝐸𝑎
𝑚max +∑𝑎≥2 𝑚𝑎𝑒𝛽𝜃𝑎

,

and every 𝑒𝛽𝜃𝑎 → 0 as 𝛽 → +∞ because 𝜃𝑎 < 0. The second limit is the first applied to −𝑥 , whose
maximal face is 𝐹−𝑥 .

Step 4 (proper faces and the scalar case). If 𝑥 ∉ ℝ𝑒 then 𝑥 has at least two distinct eigenvalues,
so 𝐸max ≠ 𝑒, the limit has 0 in its spectrum and lies on 𝜕ℬ𝐽 , while Γ𝐽 is valued in ℬ∘

𝐽 by
Theorem 3.2. If 𝑥 = 𝑎𝑒 then ⟨𝑥, 𝑝⟩ = 𝑎 for every 𝑝 ∈ ℬ𝐽 , so both faces are all of ℬ𝐽 ; here
𝐸max = 𝐸min = 𝑒 and 𝑚max = 𝑚min = 𝑟 , and both limits are 𝑒/𝑟 .

One map is thus simultaneously the normalized Jordan exponential, the trace-one represen-
tative of a ray in the cone, the symmetric-space exponential chart at the identity, the gradient
of a log-partition function, and the entropy-regularized argmax. These are five descriptions of
one object, fixed by the carrier together with the Gibbs-chart axioms. Everything so far has
held the carrier fixed. We now change it, and watch the state space come apart into two pieces.

7 spectral weights and peirce-frame geometry

We now separate what Γ𝐽 emits from where it emits it. By (7) the chart produces exactly 𝑟 scalar
weights, one per frame element, while the target ℬ∘

𝐽 has dimension dim 𝐽 − 1. The difference
is carried by the frame. This section counts it, characterizes when it vanishes, determines
what invariant content it holds, equips it with a metric, and computes the determinant of its
differential.

Equation (7) has a short reading in spectral–frame coordinates. On the simple-spectrum
locus write 𝑥 = ∑𝑘 𝜆𝑘𝑐𝑘 ; then

Γ𝐽 ∶ (𝜆, 𝑐) ⟼ (softmax(𝜆), 𝑐), (12)
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so the chart applies ordinary softmax to the eigenvalues and carries the Jordan frame un-
changed. What varies with the carrier is not the scalar law but the geometry of the frame
to which its weights are attached. In ℝ3 the weights are coordinates; in 𝐻3(𝕆) they are only
eigenvalues. The two-row comparison in Figure 2 fixes the rank at 3 so that the only variable is
the carrier.

𝐽 = ℝ3 𝔉𝐽 ≅ 𝑆3 (six points), dim𝔉𝐽 = 0

(𝜆, 𝑐) softmax on 𝜆
𝑐 fixed

(𝑤, 𝑐)
∑𝑖 𝑤𝑖𝑐𝑖

Δ∘
2, dim 2

frame channel: 0 dimensions

𝐽 = 𝐻3(𝕆) 𝔉𝐽 ≅ 𝐹4/Spin(8), dim𝔉𝐽 = 24

(𝜆, 𝑐) softmax on 𝜆
𝑐 fixed

(𝑤, 𝑐)
∑𝑖 𝑤𝑖𝑐𝑖

ℬ∘, dim 26

frame channel: 24 dimensions, carried unchanged

FIG. 2. The Gibbs chart in spectral–frame coordinates at fixed rank 3: (𝜆, 𝑐) ↦ (softmax 𝜆, 𝑐) ↦ ∑𝑖 𝑤𝑖𝑐𝑖. Both rows
apply the same three-way softmax to the eigenvalue channels and carry the Jordan frame unchanged; only the frame
space differs.

For 𝐽 = ℝ3 the frame space is the finite set 𝑆3, so the two independent weights already exhaust
Δ∘
2. For 𝐽 = 𝐻3(𝕆) it is 𝐹4/Spin(8) of dimension 24, and the three idempotents move as one

constrained triple rather than independently.

Proposition 7.1 (Equivariance). For every 𝑔 ∈ Aut(𝐽 ) and 𝑥 ∈ 𝐽 , Γ𝐽 (𝑔𝑥) = 𝑔 Γ𝐽 (𝑥).

Proof. An automorphism preserves ∘, hence all powers, hence exp𝐽 ; and it carries frames to
frames, hence preserves tr𝐽 . Both numerator and denominator of Γ𝐽 are therefore equivariant,
the denominator being a scalar.

Corollary 7.2. Aut(ℝ𝑛) = 𝑆𝑛, so Proposition 7.1 specializes to the permutation equivariance of
softmax; and Aut(𝐻3(𝕆)) = 𝐹4, a compact simple Lie group of dimension 52 acting transitively
on frames.

Proof. An automorphism of ℝ𝑛 permutes the primitive idempotents, which are exactly the 𝑛
standard basis vectors; every permutation is an automorphism. The identificationAut(𝐻3(𝕆)) =
𝐹4 is classical [42, 5].
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Theorem 7.3 — Frame tangents are the off-diagonal Peirce blocks

Let 𝐽 be any Euclidean Jordan algebra and 𝑐 = (𝑐1, … , 𝑐𝑟 ) an ordered Jordan frame. Then

𝑇𝑐𝔉𝐽 ≅ ⨁
𝑖<𝑗

𝐽𝑖𝑗 , hence dim𝔉𝐽 = ∑
𝑖<𝑗

𝑑𝑖𝑗 = dim 𝐽 − 𝑟,

the same at every frame; for frame-transitive 𝐽 the frame space is a single Aut(𝐽 )-orbit and
dim𝔉𝐽 = (𝑟2)𝑑 . On the simple-spectrum locus {𝜆1 > ⋯ > 𝜆𝑟 } the frame in (1) is unique, the map
(𝜆, 𝑐) ↦ ∑𝑘 𝜆𝑘𝑐𝑘 is a diffeomorphism onto that locus, and restricting to trace one,

dimℬ∘
𝐽 = (𝑟 − 1) + (dim 𝐽 − 𝑟) = dim 𝐽 − 1,

with 𝑟 − 1 spectral directions and dim 𝐽 − 𝑟 frame directions.

Proof. Step 1 (tangent computation). Let 𝑢𝑖 be an infinitesimal variation of 𝑐𝑖 through frames.
Linearizing 𝑐𝑖 ∘ 𝑐𝑖 = 𝑐𝑖 gives 2𝑐𝑖 ∘ 𝑢𝑖 = 𝑢𝑖, so 𝑢𝑖 ∈ 𝑉1/2(𝑐𝑖) = ⨁𝑗≠𝑖 𝐽𝑖𝑗 ; write 𝑢𝑖 = ∑𝑗≠𝑖 𝑢𝑖𝑗 with 𝑢𝑖𝑗 ∈ 𝐽𝑖𝑗 .
Linearizing 𝑐𝑖 ∘ 𝑐𝑗 = 0 for 𝑖 ≠ 𝑗 gives 𝑢𝑖 ∘ 𝑐𝑗 + 𝑐𝑖 ∘ 𝑢𝑗 = 0, which on the block 𝐽𝑖𝑗 reads 𝑢𝑖𝑗 + 𝑢𝑗𝑖 = 0.
So the solution space of the linearized equations is parameterized by free choices 𝑧𝑖𝑗 ∈ 𝐽𝑖𝑗 for
𝑖 < 𝑗, via 𝑢𝑖 = ∑𝑗>𝑖 𝑧𝑖𝑗 −∑𝑗<𝑖 𝑧𝑗𝑖. The constraint ∑𝑘 𝑢𝑘 = 0 is automatic, since each 𝑧𝑖𝑗 enters 𝑢𝑖
and 𝑢𝑗 with opposite signs.

Step 2 (realization). Every such solution is realized by an actual frame curve. For 𝑧 ∈ 𝐽𝑖𝑗
the operator 𝐷 = 4[𝐿𝑧 , 𝐿𝑐𝑖] is an inner derivation of 𝐽 [17, Ch. II], and the Peirce relations
𝑐𝑖 ∘ 𝑧 = 𝑐𝑗 ∘ 𝑧 = 1/2𝑧, 𝑐𝑘 ∘ 𝑧 = 0 for 𝑘 ≠ 𝑖, 𝑗 give

𝐷(𝑐𝑖) = 𝑧, 𝐷(𝑐𝑗) = −𝑧, 𝐷(𝑐𝑘) = 0 (𝑘 ≠ 𝑖, 𝑗). (13)

Derivations integrate to automorphisms, which carry frames to frames, so 𝑡 ↦ exp(𝑡𝐷) ⋅ 𝑐 is
a frame curve with the prescribed initial velocity; composing over pairs realizes the general
solution. Hence 𝑇𝑐𝔉𝐽 ≅ ⨁𝑖<𝑗 𝐽𝑖𝑗 , and the dimension formula follows from (5).

Step 3 (chart and slice). Uniqueness of the frame at simple spectrum is part of the spectral
theorem [17, Ch. III]; the evaluation map is then a smooth bijection onto that open set with
everywhere-invertible differential, the image of (𝜆̇, 𝑧) being∑𝑘 𝜆̇𝑘𝑐𝑘+∑𝑖<𝑗(𝜆𝑖−𝜆𝑗)𝑧𝑖𝑗 with nonzero
coefficients. Intersecting with {tr𝐽 = 1} removes ∑𝜆𝑘 = 1 from the spectral factor and leaves
the frame factor untouched.

Remark 7.1 (Simple spectrum, not invertibility). The product decomposition concerns the simple-
spectrum locus {𝜆1 > ⋯ > 𝜆𝑟 }. We avoid the word regular throughout, because in Jordan theory
it standardly means invertible or of maximal rank, which is a different and weaker condition.
At a repeated eigenvalue only a partial flag of spectral projections is determined, and at 𝑒/𝑟
every frame diagonalizes the state. Globally ℬ∘

𝐽 is a smooth manifold of dimension dim 𝐽 − 1; it
is not globally a product of a simplex with one frame manifold, and no statement below assumes
it is.
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Theorem 7.4 — The simplicial carrier is the unique frameless carrier

For a Euclidean Jordan algebra 𝐽 of rank 𝑟 , the following are equivalent:
(a) dim𝔉𝐽 = 0;
(b) dim 𝐽 = 𝑟 ;
(c) 𝐽𝑖𝑗 = 0 for all 𝑖 < 𝑗 (any, hence every, frame);
(d) 𝑉1/2(𝑐) = 0 for every primitive idempotent 𝑐;
(e) 𝐽 ≅ ℝ𝑟 as a Euclidean Jordan algebra.

In that case, and only in that case, Γ𝐽 is ordinary softmax and every dimension of ℬ∘
𝐽 is a

spectral weight. The ordered-frame set of ℝ𝑟 is the finite set of 𝑟 ! orderings of the standard
frame; the unordered frame space is a single point.

Proof. (a) ⇔ (b) ⇔ (c) is Theorem 7.3 with (5). (c) ⇔ (d): 𝑉1/2(𝑐𝑖) = ⨁𝑗≠𝑖 𝐽𝑖𝑗 for frame members,
and every primitive idempotent belongs to some frame. (c) ⇒ (e): if all off-diagonal blocks
vanish, a frame spans 𝐽 and (∑𝑖 𝑥𝑖𝑐𝑖) ∘ (∑𝑖 𝑦𝑖𝑐𝑖) = ∑𝑖 𝑥𝑖𝑦𝑖𝑐𝑖, the componentwise product on ℝ𝑟 .
(e) ⇒ (d): in ℝ𝑟 the operator 𝐿𝑐𝑖 is the 𝑖-th coordinate projection, with spectrum {0, 1} and no
eigenvalue 1/2. The final statements are Theorem 4.1 and the observation that automorphisms
of ℝ𝑟 permute the unique unordered frame.

c1 c2

B±ℝ 2

dimB± =1= (r¡1)+ 0

J=ℝ 2:  r=2; d=0

S 1

B±V2

dimB± =2= (r¡1)+ 1

J=V2:  r=2; d=1

FIG. 3. Two rank-2 carriers, ℝ2 and the spin factor 𝖵2 = ℝ ⊕ ℝ2, so two weights in each case. On the left the extreme
points are two isolated vertices and the interval is entirely weight; on the right they sweep a circle, and the frame
contributes one dimension the weights cannot see.

Proposition 7.5 (Extreme points). Let ℬ𝐽 be the closed state space of any EJA with 𝑟 ≥ 2.
Its extreme points are exactly the primitive idempotents of 𝐽 , each lying in 𝜕Ω𝐽 , and at each
primitive 𝑐 the tangent space to the primitive-idempotent set is the Peirce 1/2-space 𝑉1/2(𝑐).
For simple 𝐽 the primitive idempotents form a single compact Aut(𝐽 )-homogeneous manifold
of dimension (𝑟 − 1)𝑑 ; for ℝ𝑟 they form one finite transitive 𝑆𝑟 -orbit; in general they form a
union of Aut(𝐽 )-orbits indexed by the isotypic classes of simple ideals, since automorphisms
may permute isomorphic ideals.
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Proof. Every 𝑝 ∈ ℬ𝐽 is a convex combination ∑𝑘 𝜆𝑘𝑐𝑘 of primitive idempotents with 𝜆𝑘 ≥ 0,
∑𝜆𝑘 = 1; if two 𝜆𝑘 are nonzero, 𝑝 is a proper convex combination and not extreme. Conversely
‖𝑝‖2 = tr𝐽 (𝑝∘2) = ∑𝜆2𝑘 ≤ 1 on ℬ𝐽 , with equality exactly at primitive idempotents. If a primitive
𝑐 = 𝑡𝑝 + (1 − 𝑡)𝑞 with 0 < 𝑡 < 1, then by the parallelogram identity

1 = ‖𝑐‖2 = 𝑡‖𝑝‖2 + (1 − 𝑡)‖𝑞‖2 − 𝑡(1 − 𝑡)‖𝑝 − 𝑞‖2 ≤ 1 − 𝑡(1 − 𝑡)‖𝑝 − 𝑞‖2,

forcing 𝑝 = 𝑞 = 𝑐. A primitive idempotent has rank 1 < 𝑟 , hence is singular and lies in 𝜕Ω𝐽 .
The defining equations 𝑦 ∘ 𝑦 = 𝑦 , tr𝐽 𝑦 = 1 linearize at 𝑐 to 2𝐿𝑐𝑣 = 𝑣 , identifying the tangent
space with 𝑉1/2(𝑐), of dimension (𝑟 − 1)𝑑 in the simple case. The orbit statements follow from
frame transitivity for frame-transitive 𝐽 , and in general from the fact that Aut(𝐽 ) permutes the
simple ideals within each isomorphism class and acts on each class by the wreath-type action;
𝐽 = ℝ ⊕ Sym2(ℝ), whose primitive set is an isolated point together with a copy of ℝ𝑃1, realizes
the disconnected case.

7.1 orbit invariants and relative frames

Proposition 7.6 (Invariant polynomials on a frame-transitive carrier). If 𝐽 is frame-transitive,
then restriction to the diagonal of a fixed frame induces an isomorphism

ℝ[𝐽 ]Aut(𝐽 ) ≅ ℝ[𝜆1, … , 𝜆𝑟 ]𝑆𝑟 ∶

every Aut(𝐽 )-invariant polynomial is a symmetric function of the spectrum.

Proof. Fix a frame (𝑐1, … , 𝑐𝑟 ) and let 𝐶 = ⨁𝑘 ℝ𝑐𝑘 . By the spectral theorem and frame transitivity,
every element of 𝐽 is Aut(𝐽 )-conjugate to an element of 𝐶, so restriction to 𝐶 is injective on
invariants. Frame permutations are induced by automorphisms, so the restriction of an
invariant is 𝑆𝑟 -symmetric. Conversely, the elementary symmetric functions of the eigenvalues
are the coefficients of the Jordan characteristic polynomial — polynomial functions on 𝐽 ,
invariant under Aut(𝐽 ) — and they generate the symmetric polynomials.

Example 7.1 (The restriction is necessary). Let 𝐽 = ℝ⊕ Sym2(ℝ), rank 3, dimension 4, and take

𝑥 = (0, (1 0
0 2)), 𝑦 = (1, (0 0

0 2)).

Both have eigenvalue multiset {0, 1, 2}. But 𝑃(𝑎, 𝐴) = 𝑎 isAut(𝐽 )-invariant, since automorphisms
preserve the nonisomorphic simple ideals, and 𝑃(𝑥) = 0 ≠ 1 = 𝑃(𝑦). So ℝ[𝐽 ]Aut(𝐽 ) ≠ ℝ[𝜆]𝑆3
here, and no automorphism carries 𝑥 to 𝑦 despite equal spectra.

The failure can be computed exactly. On an arbitrary carrier the complete one-state invariant
is the multiset of component spectra within each isotypic family of simple ideals, not the global
spectrum.

Proposition 7.7 (Invariants of an arbitrary carrier). Write 𝐽 ≅ ⨁𝑠
𝑎=1 𝐾

⊕𝑚𝑎𝑎 with the 𝐾𝑎
pairwise nonisomorphic simple Euclidean Jordan algebras. Then

Aut(𝐽 ) ≅
𝑠

∏
𝑎=1

(Aut(𝐾𝑎) ≀ 𝑆𝑚𝑎),
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and two elements 𝑥, 𝑦 ∈ 𝐽 lie in the same Aut(𝐽 )-orbit if and only if for every 𝑎 the unordered
multisets {spec(𝑥𝑎,1), … , spec(𝑥𝑎,𝑚𝑎)} and {spec(𝑦𝑎,1), … , spec(𝑦𝑎,𝑚𝑎)} of component spectra agree.
Correspondingly

ℝ[𝐽 ]Aut(𝐽 ) ≅
𝑠

⨂
𝑎=1

(ℝ[𝜆(1)]𝑆𝑟𝑎 ⊗⋯ ⊗ ℝ[𝜆(𝑚𝑎)]𝑆𝑟𝑎)
𝑆𝑚𝑎 ,

the multisymmetric functions in the characteristic coefficients of the components, 𝑟𝑎 = rank𝐾𝑎.

Proposition 7.6 is the case 𝑠 = 𝑚1 = 1, together with 𝐽 ≅ ℝ𝑟 , where 𝐾1 = ℝ, Aut(ℝ) = 1 and
Aut(𝐽 ) = 1 ≀ 𝑆𝑟 = 𝑆𝑟 .

Proof. The decomposition of 𝐽 into simple ideals is unique, and an automorphism carries each
simple ideal isomorphically onto a simple ideal; nonisomorphic ideals cannot be exchanged,
so Aut(𝐽 ) permutes the 𝑚𝑎 copies inside each isotypic family and acts on each copy by an
automorphism. That is the stated wreath product, and conversely every such element is an
automorphism.

For orbits: necessity is immediate, since an automorphism permutes components and
preserves each component’s spectrum. For sufficiency, permute components inside each isotypic
family so that matching spectra are aligned, and then use frame transitivity in each simple 𝐾𝑎
[17, Ch. IV] to carry each component of 𝑥 to the corresponding component of 𝑦 .

For the invariant ring, Aut(𝐽 ) is compact — it is a closed subgroup of the orthogonal group
of the trace form — so invariants of a product group acting on a direct sum factorwise are
the tensor product of the factors’ invariants. Applying Proposition 7.6 to each simple 𝐾𝑎 and
then taking 𝑆𝑚𝑎 -invariants gives the displayed multisymmetric description. In Example 7.1 the
two isotypic families are {ℝ} and {Sym2(ℝ)}, and the projection 𝑃(𝑎, 𝐴) = 𝑎 is the degree-one
invariant of the first.

Proposition 7.8 (What the weights determine). Let 𝑥 ∈ 𝐽 with weights 𝑤𝑖 = 𝑒𝜆𝑖/∑𝑗 𝑒
𝜆𝑗 . Then

𝜆𝑖 = log 𝑤𝑖 +
tr𝐽 𝑥 − ∑𝑗 log 𝑤𝑗

𝑟
,

so the weights are exactly the eigenvalues of 𝑝 = Γ𝐽 (𝑥); they determine the spectrum of the
gauge class [𝑥] ∈ 𝐽/ℝ𝑒; and together with tr𝐽 𝑥 they determine the full spectrum of 𝑥 . For
frame-transitive 𝐽 , by Proposition 7.6, these spectra exhaust the one-state invariant content of
𝑝, of [𝑥], and of 𝑥 respectively.

Proof. From log 𝑤𝑖 = 𝜆𝑖− log 𝑍 , summing over 𝑖 gives ∑𝑗 log 𝑤𝑗 = tr𝐽 𝑥 − 𝑟 log 𝑍 ; substitute back.
The eigenvalues of 𝑝 are the 𝑤𝑖 by (7).

Proposition 7.9 (Relative frames contribute tuple invariants). Let 𝐽 have rank 𝑟 ≥ 2. The
trace pairing ⟨𝑝, 𝑞⟩ of two states is invariant under the simultaneous action (𝑝, 𝑞) ↦ (𝑔𝑝, 𝑔𝑞) of
Aut(𝐽 ), and is not in general determined by the two individual spectra. Concretely, fix a frame
(𝑐1, … , 𝑐𝑟 ) and weights

𝛼 > 𝛽 > 0, 𝛾𝑘 > 0, 𝛼 + 𝛽 + ∑𝑘≥3 𝛾𝑘 = 1,
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so that the three elements

𝑝 = 𝛼𝑐1 + 𝛽𝑐2 +∑𝑘≥3 𝛾𝑘𝑐𝑘 , 𝑞 = 𝑝, 𝑞′ = 𝛽𝑐1 + 𝛼𝑐2 +∑𝑘≥3 𝛾𝑘𝑐𝑘

are interior states of ℬ∘
𝐽 . Then 𝑞 and 𝑞′ have identical spectrum while

⟨𝑝, 𝑞⟩ − ⟨𝑝, 𝑞′⟩ = (𝛼 − 𝛽)2 > 0.

If 𝐽 is frame-transitive, then individual spectra classify the one-state orbits, while simultaneous
orbits of pairs retain additional relative-frame data.

Proof. Invariance is Proposition 7.1 together with preservation of the trace form. By (10) the
pairing is ⟨𝑝, 𝑞⟩ = 𝜇⊤𝑀𝜈 with 𝜇, 𝜈 the spectra of 𝑝, 𝑞 and 𝑀 the overlap matrix of the two frames,
so it depends on the two spectra and on 𝑀 ; here 𝑀 = id for 𝑞 and 𝑀 the transposition (1 2)
for 𝑞′, giving ⟨𝑝, 𝑞⟩ − ⟨𝑝, 𝑞′⟩ = (𝛼2 + 𝛽2) − 2𝛼𝛽. The final sentence is Proposition 7.6 for the
one-state claim, and the displayed example for the pair claim.

On an arbitrary carrier, the complete one-state invariant is the isotypically labeled collection
of component spectra,

Speciso(𝑥) = { {spec(𝑥𝑎,1), … , spec(𝑥𝑎,𝑚𝑎)} }𝑎,

which is Proposition 7.7. On a frame-transitive carrier it reduces to the ordinary spectrum, by
Proposition 7.6. Covariantly, a simple-spectrum state also determines an equivariant spectral
flag: writing Δ∘

ss for the open simplex locus with pairwise distinct weights,

𝑝 ⟼ ((𝑤1, … , 𝑤𝑟 ), (𝑐1, … , 𝑐𝑟 )) ∈ (Δ∘
ss × 𝔉𝐽 )/𝑆𝑟 ,

and (12) says the Gibbs chart acts on it by (𝜆, 𝑐) ↦ (softmax 𝜆, 𝑐), changing the weights and
carrying the frame unchanged. A single state therefore carries no invariant frame coordinate
but does carry a canonical equivariant spectral flag; at repeated eigenvalues, replace the
primitive frame by the coarse spectral idempotents of Theorem 7.10.

For a single isolated state on a frame-transitive carrier, the frame is pure gauge. For
tuples it is not. Lemma 6.3 supplies a canonical first relative-frame invariant, the overlap
matrix 𝑀 , and 𝑀 is sufficient for every paired spectral functional of the form (10); it need
not classify the full simultaneous orbit of two frames, and further relative-frame invariants
may remain. Its character differs by carrier. In ℝ𝑟 every 𝑀 is a permutation matrix, so the
relative datum is the finite set of relative orderings and the displayed example is a transposition.
Whenever dim𝔉𝐽 > 0 — for a simple carrier, equivalently 𝑑 > 0 — the doubly stochastic 𝑀
varies continuously, and the frame can be moved with the spectrum held fixed. Proposition 9.21
exploits exactly that difference, and Theorem 9.2 identifies the mechanism that produces it
inside a routing construction.

24



7.2 the gibbs hessian on peirce blocks

Counting frame dimensions in the state space would mean little if normalization collapsed
them. The differential shows it does not, and identifies the resulting bilinear form.

Recall the logarithmic mean of 𝑢, 𝑣 > 0:

ℒ(𝑢, 𝑣) = {
𝑢 − 𝑣

log 𝑢 − log 𝑣
, 𝑢 ≠ 𝑣,

𝑢, 𝑢 = 𝑣,

a continuous, symmetric, strictly positive function with min(𝑢, 𝑣) ≤ ℒ(𝑢, 𝑣) ≤ max(𝑢, 𝑣). The
second branch is the limit of the first, so ℒ is continuous across the diagonal; this is what
makes the theorem below global rather than generic.

Theorem 7.10 — Spectral and Peirce blocks of the Gibbs differential

Let 𝑥 ∈ 𝐽 be arbitrary, let 𝜃1, … , 𝜃𝑠 be its distinct eigenvalues with spectral idempotents 𝐸1, … , 𝐸𝑠 ,
and put

𝑚𝑎 = tr𝐽 𝐸𝑎, 𝑍 = ∑
𝑎
𝑚𝑎𝑒𝜃𝑎 , 𝑤𝑎 =

𝑒𝜃𝑎
𝑍
, so Γ𝐽 (𝑥) = ∑

𝑎
𝑤𝑎𝐸𝑎.

Decompose 𝐽 by the coarse Peirce relations of (𝐸𝑎),

𝐽 = ⨁
𝑎

𝐽𝑎𝑎 ⊕ ⨁
𝑎<𝑏

𝐽𝑎𝑏 , 𝐽𝑎𝑎 = 𝑉1(𝐸𝑎), 𝐽𝑎𝑏 = 𝑉1/2(𝐸𝑎) ∩ 𝑉1/2(𝐸𝑏),

and write ℎ = ∑𝑎 ℎ𝑎𝑎 +∑𝑎<𝑏 ℎ𝑎𝑏 accordingly. Then, with 𝑝 = Γ𝐽 (𝑥),

𝐷Γ𝐽 (𝑥)[ℎ] = ∑
𝑎
𝑤𝑎ℎ𝑎𝑎 + ∑

𝑎<𝑏
ℒ(𝑤𝑎, 𝑤𝑏) ℎ𝑎𝑏 − 𝑝∑

𝑎
𝑤𝑎 tr𝐽 (ℎ𝑎𝑎). (14)

In particular, when the spectrum is simple, 𝐸𝑎 = 𝑐𝑎 and (14) reads, relative to a frame diagonal-
izing 𝑥 and with ℎ = ∑𝑖 ℎ𝑖𝑐𝑖 +∑𝑖<𝑗 ℎ𝑖𝑗 ,

𝐷Γ𝐽 (𝑥)[ℎ] = ∑
𝑖
𝑤𝑖(ℎ𝑖 −∑

𝑘
𝑤𝑘ℎ𝑘)𝑐𝑖 + ∑

𝑖<𝑗

𝑤𝑖 − 𝑤𝑗
𝜆𝑖 − 𝜆𝑗

ℎ𝑖𝑗 , (15)

where in the second sum
𝑤𝑖 − 𝑤𝑗
𝜆𝑖 − 𝜆𝑗

=
𝑤𝑖 − 𝑤𝑗

log 𝑤𝑖 − log 𝑤𝑗
= ℒ(𝑤𝑖, 𝑤𝑗).

The frame coefficient is a divided difference of the eigenvalues, and it is exactly the logarithmic
mean of the corresponding Gibbs weights, because 𝜆𝑖 − 𝜆𝑗 = log 𝑤𝑖 − log 𝑤𝑗 .

Proof. Step 1 (diagonal blocks). Fix 𝑎. The subspace 𝐽𝑎𝑎 = 𝑉1(𝐸𝑎) is a Jordan subalgebra with
unit 𝐸𝑎, and 𝐽 contains the orthogonal direct sum ⨁𝑏 𝑉1(𝐸𝑏) of subalgebras. Since 𝑥 = ∑𝑏 𝜃𝑏𝐸𝑏
restricts to the central element 𝜃𝑎𝐸𝑎 on 𝑉1(𝐸𝑎) and to 𝜃𝑏𝐸𝑏 elsewhere, spectral calculus splits
along that sum:

exp𝐽 (𝑥 + 𝑡 ℎ𝑎𝑎) = 𝑒𝜃𝑎 exp𝑉1(𝐸𝑎)(𝑡 ℎ𝑎𝑎) + ∑
𝑏≠𝑎

𝑒𝜃𝑏𝐸𝑏 .
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Differentiating at 𝑡 = 0 gives 𝑒𝜃𝑎ℎ𝑎𝑎 for the numerator and 𝑒𝜃𝑎 tr𝐽 (ℎ𝑎𝑎) for tr𝐽 exp𝐽 ; the quotient
rule gives 𝑤𝑎ℎ𝑎𝑎 − 𝑝 𝑤𝑎 tr𝐽 (ℎ𝑎𝑎).

Step 2 (off-diagonal blocks). Fix 𝑎 < 𝑏 and 𝑧 ∈ 𝐽𝑎𝑏. Because 𝐽𝑎𝑏 = 𝑉1/2(𝐸𝑎) ∩ 𝑉1/2(𝐸𝑏), the
operator 𝐷 = 4[𝐿𝑧 , 𝐿𝐸𝑎] is an inner derivation with 𝐷(𝐸𝑎) = 𝑧, 𝐷(𝐸𝑏) = −𝑧 and 𝐷(𝐸𝑐) = 0 for
𝑐 ≠ 𝑎, 𝑏, exactly as in (13) — the computation only used the Peirce relations, which hold verbatim
for the coarse idempotents. Along 𝑥(𝑡) = ∑𝑐 𝜃𝑐𝐸𝑐(𝑡) with 𝐸𝑐(𝑡) = exp(𝑡𝐷)𝐸𝑐 , the spectrum is
constant, so ̇𝑥(0) = (𝜃𝑎−𝜃𝑏)𝑧 and ̇𝑝(0) = (𝑤𝑎−𝑤𝑏)𝑧. When 𝜃𝑎 ≠ 𝜃𝑏 — which holds by construction,
the 𝜃 being the distinct eigenvalues — the chain rule gives 𝐷Γ𝐽 (𝑥)[𝑧] =

𝑤𝑎−𝑤𝑏
𝜃𝑎−𝜃𝑏

𝑧 = ℒ(𝑤𝑎, 𝑤𝑏)𝑧,
using 𝜃𝑎 − 𝜃𝑏 = log 𝑤𝑎 − log 𝑤𝑏. Also tr𝐽 𝑧 = 0, so no normalization term appears.

Step 3 (assembly). The coarse Peirce decomposition spans 𝐽 [17, Thm. IV.2.1], so Steps 1–2
determine 𝐷Γ𝐽 (𝑥), giving (14). Every object in (14) is built from the spectral idempotents alone,
so no choice of primitive frame inside a repeated eigenspace enters, and the formula is valid at
every 𝑥 ∈ 𝐽 without a genericity hypothesis.

Step 4 (the simple-spectrum form). If the spectrum is simple then 𝐸𝑎 = 𝑐𝑎, 𝑚𝑎 = 1, 𝐽𝑎𝑎 = ℝ𝑐𝑎,
ℎ𝑎𝑎 = ℎ𝑎𝑐𝑎 and tr𝐽 (ℎ𝑎𝑎) = ℎ𝑎, so the correction term is −∑𝑖 𝑐𝑖𝑤𝑖∑𝑘 𝑤𝑘ℎ𝑘 and (14) becomes (15).
Since ℒ is continuous across the diagonal with ℒ(𝑢, 𝑢) = 𝑢, (15) is also the limit of itself as
eigenvalues merge, consistent with (14).

Remark 7.2 (Why the coarse projections). Stating Theorem 7.10 with a primitive frame and
extending to repeated eigenvalues by continuity is not quite enough, and the gap is worth
naming. Changing the primitive frame inside a repeated eigenspace mixes the directions that
the primitive-frame formula calls diagonal with those it calls off-diagonal: if 𝜆𝑖 = 𝜆𝑗 then a
rotation inside that block moves 𝐽𝑖𝑗 into the span of 𝑐𝑖, 𝑐𝑗 and back. Constancy of the coefficient
on the block makes the resulting operator agree, but only after that mixing has been accounted
for. The coarse decomposition removes the issue at the source, because 𝐸𝑎 is determined by 𝑥 .

Corollary 7.11 (The Hessian metric). The symmetric bilinear form

𝑔𝑥 (ℎ, 𝑘) ∶= ⟨ℎ, 𝐷Γ𝐽 (𝑥)[𝑘]⟩ = ∇2Ψ𝐽 (𝑥)[ℎ, 𝑘]

satisfies, at simple spectrum and in the notation of (15),

𝑔𝑥 (ℎ, ℎ) = ∑
𝑖
𝑤𝑖ℎ2𝑖 − (∑

𝑖
𝑤𝑖ℎ𝑖)

2
+ ∑

𝑖<𝑗
ℒ(𝑤𝑖, 𝑤𝑗) ‖ℎ𝑖𝑗‖2 ≥ 0,

and in general

𝑔𝑥 (ℎ, ℎ) = ∑
𝑎
𝑤𝑎‖ℎ𝑎𝑎‖2 − (∑

𝑎
𝑤𝑎 tr𝐽 (ℎ𝑎𝑎))

2
+ ∑

𝑎<𝑏
ℒ(𝑤𝑎, 𝑤𝑏) ‖ℎ𝑎𝑏‖2,

with kernel exactly ℝ𝑒, at every 𝑥 ∈ 𝐽 . Hence 𝑔 is a real-analytic Riemannian metric on all of
𝐽0 ≅ 𝐽/ℝ𝑒, the Hessian metric of the potential Ψ𝐽 ; its diagonal block is the softmax covariance
and its frame block is diagonal in the Peirce decomposition with logarithmic-mean weights. For
𝐽 = 𝐻3(𝕆) all 24 frame directions occur in it with strictly positive weight.
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Proof. 𝐷Γ𝐽 = 𝐷(∇Ψ𝐽 ) = ∇2Ψ𝐽 by Theorem 6.4, so 𝑔𝑥 is symmetric. The Peirce blocks are
mutually orthogonal for the trace form and orthogonal to ⨁𝑎 𝐽𝑎𝑎, so the quadratic form
splits as displayed; the diagonal part is the softmax covariance, positive semidefinite with
kernel {ℎ𝑎𝑎 = const ⋅ 𝐸𝑎}, and each ℒ(𝑤𝑎, 𝑤𝑏) > 0. The joint kernel is {ℎ𝑎𝑏 = 0, ℎ𝑎𝑎 =
𝛾𝐸𝑎 with 𝛾 independent of 𝑎} = ℝ𝑒, so 𝑔 is positive definite on 𝐽0, matching the strict convexity
of Ψ𝐽 there.

Corollary 7.12 (Jacobian of the Gibbs chart). Let 𝑥 = ∑𝑖 𝜆𝑖𝑐𝑖 have simple spectrum, 𝑤𝑖 =
𝑒𝜆𝑖/∑𝑘 𝑒𝜆𝑘 , and 𝑑𝑖𝑗 = dim 𝐽𝑖𝑗 . Relative to the trace inner products on 𝐽0 and on 𝑇Γ𝐽 (𝑥)ℬ

∘
𝐽 ,

det(𝐷Γ𝐽 (𝑥)|𝐽0) = 𝑟(
𝑟

∏
𝑖=1

𝑤𝑖)∏
𝑖<𝑗

ℒ(𝑤𝑖, 𝑤𝑗)𝑑𝑖𝑗 . (16)

For a simple carrier of Peirce multiplicity 𝑑 this reads

det(𝐷Γ𝐽 (𝑥)|𝐽0) = 𝑟(∏
𝑖
𝑤𝑖)∏

𝑖<𝑗
ℒ(𝑤𝑖, 𝑤𝑗)𝑑 = 𝑟 𝑁(Γ𝐽 (𝑥))∏

𝑖<𝑗
ℒ(𝑤𝑖, 𝑤𝑗)𝑑 ,

and equivalently, with 𝑛 = dim 𝐽 and 𝑍 = ∑𝑖 𝑒𝜆𝑖 ,

det ∇2Ψ𝐽 (𝑥)|𝐽0 = 𝑟 𝑍−𝑛𝑒tr𝐽 𝑥 ∏
𝑖<𝑗

(𝑒
𝜆𝑖 − 𝑒𝜆𝑗
𝜆𝑖 − 𝜆𝑗

)
𝑑𝑖𝑗
. (17)

Legendre duality (Theorem 6.4) pairs 𝐽0 with the affine trace-one state space. The dual
statement is therefore about the Hessian of the restriction 𝜂𝐽 |ℬ∘

𝐽
, read on the tangent space

𝑇𝑝ℬ∘
𝐽 = 𝐽0, rather than about an ambient Hessian on 𝐽 : at 𝑝 = Γ𝐽 (𝑥) with eigenvalues 𝜇𝑖 = 𝑤𝑖,

det𝑇𝑝ℬ∘
𝐽
∇2𝜂𝐽 (𝑝) = [ 𝑟 ∏

𝑖
𝜇𝑖∏

𝑖<𝑗
ℒ(𝜇𝑖, 𝜇𝑗)𝑑𝑖𝑗]

−1
,

all determinants again taken relative to the trace inner product. For the Albert algebra,

det ∇2Ψ𝐻3(𝕆)(𝑥)|𝐽0 = 3𝑤1𝑤2𝑤3[ℒ(𝑤1, 𝑤2)ℒ(𝑤1, 𝑤3)ℒ(𝑤2, 𝑤3)]
8.

Proof. Let 𝐶 = ⨁𝑘 ℝ𝑐𝑘 and 𝐶0 = 𝐶 ∩ 𝐽0. Since tr𝐽 vanishes on every 𝐽𝑖𝑗 , we have the trace-
orthogonal splitting 𝐽0 = 𝐶0 ⊕⨁𝑖<𝑗 𝐽𝑖𝑗 , and by (15) each summand is invariant under 𝐷Γ𝐽 (𝑥).
The determinant is therefore the product of the block determinants. On 𝐽𝑖𝑗 the operator is
ℒ(𝑤𝑖, 𝑤𝑗) times the identity, in dimension 𝑑𝑖𝑗 .

On 𝐶 ≅ ℝ𝑟 — an isometry, because ⟨𝑐𝑖, 𝑐𝑗⟩ = 𝛿𝑖𝑗 — the operator is the Laplacian-like matrix
𝐶𝑤 = diag(𝑤) − 𝑤𝑤⊤, whose kernel is ℝ𝟏 (as 𝐶𝑤𝟏 = 𝑤 − 𝑤 = 0) and whose range is 𝟏⟂ = 𝐶0. As
𝐶𝑤 is symmetric, det(𝐶𝑤 |𝐶0) is the pseudo-determinant pdet(𝐶𝑤 ).

A symmetric matrix with one-dimensional kernel ℝ𝟏 has adj(𝐶𝑤 ) = 𝑟−1 pdet(𝐶𝑤 ) 𝟏𝟏⊤, so all
its principal cofactors are equal and pdet(𝐶𝑤 ) = 𝑟 ⋅ 𝐶𝑟 𝑟 . Deleting the last row and column and
writing 𝑤 ′ = (𝑤1, … , 𝑤𝑟−1), the matrix determinant lemma gives

𝐶𝑟 𝑟 = det(diag(𝑤 ′) − 𝑤 ′𝑤 ′⊤) = (∏
𝑖<𝑟

𝑤𝑖)(1 −∑
𝑖<𝑟

𝑤𝑖) = (∏
𝑖<𝑟

𝑤𝑖)𝑤𝑟 =
𝑟

∏
𝑖=1

𝑤𝑖,

using ∑𝑖 𝑤𝑖 = 1. Hence pdet(𝐶𝑤 ) = 𝑟 ∏𝑖 𝑤𝑖, and multiplying the blocks gives (16). For (17),
substitute ∏𝑖 𝑤𝑖 = 𝑒tr𝐽 𝑥𝑍−𝑟 and ℒ(𝑤𝑖, 𝑤𝑗) = 𝑍−1(𝑒𝜆𝑖 − 𝑒𝜆𝑗 )/(𝜆𝑖 − 𝜆𝑗), and use ∑𝑖<𝑗 𝑑𝑖𝑗 = 𝑛 − 𝑟
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from (5). The identification with 𝑁(Γ𝐽 (𝑥)) = ∏𝑖 𝑤𝑖 is Proposition 7.8 with the definition of
𝑁 in Section 8, and the dual statement is that mutually inverse operators have reciprocal
determinants.

7.3 peirce sources and the gibbs monge–ampère equation

Formula (16) is more than a Monge–Ampère quantity. After one rescaling it becomes a Monge–
Ampère equation, and the Peirce multiplicities enter it as a source term.

Corollary 7.13 (Peirce multiplicity sources the Gibbs Monge–Ampère equation). Let 𝑛 = dim 𝐽
and define the rescaled potential

𝜑𝐽 = 𝑟 Ψ𝐽 |𝐽0 − 𝑛 log 𝑟

on the traceless slice 𝐽0, of dimension 𝑛 − 1. Then at every 𝑥 ∈ 𝐽0, with Gibbs weights 𝑤1, … , 𝑤𝑟
listed with multiplicity and Peirce multiplicities 𝑑𝑖𝑗 relative to any Jordan frame diagonalizing
𝑥 ,

det𝐽0 ∇
2𝜑𝐽 (𝑥) = 𝑒−𝜑𝐽 (𝑥) 𝔰𝐽 (𝑤), 𝔰𝐽 (𝑤) = ∏

𝑖<𝑗
ℒ(𝑤𝑖, 𝑤𝑗)𝑑𝑖𝑗 , (18)

whereℒ(𝑤, 𝑤) = 𝑤 on the diagonal. Relative to the Gibbs Hessian ∇2Ψ𝐽 , the spectral covariance
block contributes 𝑟 ∏𝑖 𝑤𝑖 and the Peirce-frame block contributes 𝔰𝐽 (𝑤). Rescaling the whole
Hessian by 𝑟 on the (𝑛−1)-dimensional traceless slice converts the first factor, together with the
accumulated powers of 𝑟 , into 𝑒−𝜑𝐽 , and leaves 𝔰𝐽 as the source. It satisfies 0 < 𝔰𝐽 (𝑤) ≤ 2−(𝑛−𝑟),
it equals 𝑟−(𝑛−𝑟) at the barycenter 𝑤𝑖 ≡ 1/𝑟 , and for a simple carrier the barycenter is its
unique maximizer. Finally 𝔰𝐽 ≡ 1 if and only if 𝐽 ≅ ℝ𝑟 , that is, exactly when the carrier has
no continuous frame directions (Theorem 7.4); for those carriers (18) is the source-free real
Monge–Ampère equation det ∇2𝜑 = 𝑒−𝜑 .

Proof. Step 1 (the determinant). Since Γ𝐽 = ∇Ψ𝐽 and 𝜑𝐽 = 𝑟Ψ𝐽 − 𝑛 log 𝑟 on 𝐽0, the restricted
Hessian is ∇2𝜑𝐽 |𝐽0 = 𝑟 𝐷Γ𝐽 (𝑥)|𝐽0 . As dim 𝐽0 = 𝑛 − 1, (16) gives

det𝐽0 ∇
2𝜑𝐽 = 𝑟 𝑛−1 det(𝐷Γ𝐽 (𝑥)|𝐽0) = 𝑟 𝑛(∏

𝑖
𝑤𝑖)𝔰𝐽 (𝑤),

whose two factors before rescaling are the spectral block determinant 𝑟 ∏𝑖 𝑤𝑖 and the frame
block determinant 𝔰𝐽 (𝑤). On 𝐽0 we have tr𝐽 𝑥 = 0, so

∏
𝑖
𝑤𝑖 = 𝑒tr𝐽 𝑥 𝑒−𝑟Ψ𝐽 (𝑥) = 𝑒−𝑟Ψ𝐽 (𝑥), hence 𝑟 𝑛 ∏

𝑖
𝑤𝑖 = 𝑒 𝑛 log 𝑟−𝑟Ψ𝐽 (𝑥) = 𝑒−𝜑𝐽 (𝑥),

which is (18). That 𝔰𝐽 is the frame-block determinant is Theorem 7.10: the differential acts on
𝐽𝑖𝑗 by the scalar ℒ(𝑤𝑖, 𝑤𝑗) in dimension 𝑑𝑖𝑗 .

Step 2 (the bounds). The logarithmic mean lies between the geometric and arithmetic means,
so 0 < ℒ(𝑤𝑖, 𝑤𝑗) ≤ 1/2(𝑤𝑖 + 𝑤𝑗) ≤ 1/2, and the inequality ℒ(𝑤𝑖, 𝑤𝑗) ≤ 1/2(𝑤𝑖 + 𝑤𝑗) is strict unless
𝑤𝑖 = 𝑤𝑗 ; since∑𝑖<𝑗 𝑑𝑖𝑗 = 𝑛−𝑟 by (5), this gives 0 < 𝔰𝐽 ≤ 2−(𝑛−𝑟). At 𝑤𝑖 ≡ 1/𝑟 everyℒ(𝑤𝑖, 𝑤𝑗) = 1/𝑟 ,
whence 𝔰𝐽 = 𝑟−(𝑛−𝑟). For a simple carrier every 𝑑𝑖𝑗 = 𝑑 , and 𝑤 ↦ 𝑑 ∑𝑖<𝑗 log 1/2(𝑤𝑖+𝑤𝑗) is concave
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on the simplex and invariant under the coordinate permutations, so it is maximized at the
barycenter; combined with ℒ ≤ arithmetic mean, with equality only for equal arguments, the
barycenter is the unique maximizer of 𝔰𝐽 .

Step 3 (from the simple-spectrum locus to all of 𝐽0). Steps 1 and 2 use (16), which is stated at
simple spectrum. Both sides of (18) are continuous on 𝐽0: the left because Ψ𝐽 is real-analytic,
the right because the unordered eigenvalue list of Γ𝐽 (𝑥) depends continuously on 𝑥 and ℒ is
continuous on (0, ∞)2. The discriminant of the characteristic polynomial is a polynomial on
𝐽0 that does not vanish identically when 𝑟 ≥ 2, since ∑𝑖 𝜆𝑖𝑐𝑖 with distinct 𝜆𝑖 summing to zero
is traceless with simple spectrum; so the simple-spectrum locus is dense and open in 𝐽0, and
equality there extends to all of 𝐽0.

Step 4 (the source-free case). 𝔰𝐽 ≡ 1 forces ℒ(𝑤𝑖, 𝑤𝑗)𝑑𝑖𝑗 = 1 for weights that can be moved
independently, hence 𝑑𝑖𝑗 = 0 for all 𝑖 < 𝑗, which by Theorem 7.4 is 𝐽 ≅ ℝ𝑟 . Conversely ℝ𝑟 has all
𝑑𝑖𝑗 = 0 and the product is empty.

On a reducible carrier the source factors over the simple ideals, and the factor masses of
Proposition 3.3 appear as exponents.

Proposition 7.14 (Direct-sum factorization of the source). Let 𝐽 = ⨁𝑠
𝑎=1 𝐾𝑎 be the decompo-

sition into simple ideals, with 𝑟𝑎 = rank𝐾𝑎 and 𝑓𝑎 = dim𝐾𝑎 − 𝑟𝑎, and write the Gibbs weights
of the 𝑎-th factor as 𝑤𝑎,𝑖 = 𝛼𝑎𝑣𝑎,𝑖, where 𝛼𝑎 = ∑𝑖 𝑤𝑎,𝑖 is the factor mass of Proposition 3.3 and
∑𝑖 𝑣𝑎,𝑖 = 1. Then

𝔰𝐽 (𝑤) =
𝑠

∏
𝑎=1

𝛼𝑓𝑎𝑎 𝔰𝐾𝑎(𝑣𝑎). (19)

Writing 𝐹 = ∑𝑎 𝑓𝑎 = dim 𝐽 − 𝑟 , the source obeys

sup 𝔰𝐽 = ∏
𝑎 ∶ 𝑓𝑎>0

(
𝑓𝑎
𝐹 𝑟𝑎

)
𝑓𝑎
, (20)

and if every 𝑓𝑎 > 0 the supremum is attained, uniquely, at

𝛼𝑎 =
𝑓𝑎
𝐹
, 𝑣𝑎,𝑖 =

1
𝑟𝑎
, that is 𝑤𝑎,𝑖 =

𝑓𝑎
𝐹 𝑟𝑎

.

If some 𝑓𝑎 = 0 while others are positive, the supremum is approached only on the boundary,
with the mass of every frameless factor tending to zero. If 𝐹 = 0 then every 𝐾𝑎 ≅ ℝ, 𝐽 ≅ ℝ𝑟 ,
and 𝔰𝐽 ≡ 1.

Proof. Peirce blocks joining different ideals vanish, so the product defining 𝔰𝐽 splits over the
factors. The logarithmic mean is homogeneous of degree one, ℒ(𝛼𝑢, 𝛼𝑣) = 𝛼ℒ(𝑢, 𝑣), and the
exponents inside the 𝑎-th factor sum to ∑𝑖<𝑗 𝑑

(𝑎)
𝑖𝑗 = dim𝐾𝑎 − 𝑟𝑎 = 𝑓𝑎 by (5) applied to 𝐾𝑎; hence

that factor contributes 𝛼𝑓𝑎𝑎 𝔰𝐾𝑎(𝑣𝑎), which is (19).

For (20), Corollary 7.13 applied to the simple carrier 𝐾𝑎 gives 𝔰𝐾𝑎(𝑣𝑎) ≤ 𝑟−𝑓𝑎𝑎 with equality
exactly at 𝑣𝑎,𝑖 ≡ 1/𝑟𝑎; when 𝑓𝑎 = 0 both sides are 1. So 𝔰𝐽 ≤ ∏𝑎(𝛼𝑎/𝑟𝑎)

𝑓𝑎 , and it remains
to maximize ∑𝑎 𝑓𝑎 log 𝛼𝑎 over the closed simplex. That function is strictly concave in the
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coordinates with 𝑓𝑎 > 0 and constant in the others, so its maximum is at 𝛼𝑎 = 𝑓𝑎/𝐹 for 𝑓𝑎 > 0
and 𝛼𝑎 = 0 otherwise, of value ∏𝑎∶𝑓𝑎>0(𝑓𝑎/𝐹)

𝑓𝑎 . If every 𝑓𝑎 > 0 that point is interior, and
uniqueness follows from strict concavity together with the uniqueness of the factor barycenters.
If some 𝑓𝑎 = 0 the maximizing 𝛼 lies on the boundary, where the corresponding factor state
leaves ℬ∘

𝐽 , so the value is a supremum and not attained. Finally 𝐹 = 0 forces every 𝑓𝑎 = 0,
hence every 𝐾𝑎 of rank one.

Taking logarithms in (19),

log 𝔰𝐽 = ∑
𝑎
𝑓𝑎 log 𝛼𝑎 + ∑

𝑎
log 𝔰𝐾𝑎(𝑣𝑎),

an outer term in the factor masses and an inner term in the factor states, matching the
outer–inner split of Proposition 3.3. One consequence is worth stating: on a reducible carrier
the global barycenter is generally not the source maximizer. The optimal mass on a factor is
governed by its frame dimension 𝑓𝑎, not by its rank.

For the simplicial carrier the equation has a second life, as the transport equation of a
specific lattice polytope.

Corollary 7.15 (The centered simplicial image is the Ehrhart simplex). Let 𝐽 = ℝ𝑟 , so that
𝑛 = 𝑟 and (18) is source-free. The gradient of 𝜑ℝ𝑟 along 𝐽0 is the trace-orthogonal projection of
the ambient gradient,

∇𝐽0𝜑ℝ𝑟 (𝑥) = 𝑟 Γℝ𝑟 (𝑥) − 𝑒 = 𝑟 softmax(𝑥) − 𝑒, (21)

and it is a real-analytic diffeomorphism from 𝐽0 onto the interior of

𝐾𝑟 = 𝑟Δ𝑟−1 − 𝑒 = conv{𝑟𝑐1 − 𝑒, … , 𝑟𝑐𝑟 − 𝑒} ⊂ 𝐽0.

Relative to the root lattice 𝐴𝑟−1 = ℤ𝑟 ∩ 𝐽0:

(a) the barycenter of 𝐾𝑟 is 0, and 0 is its only interior lattice point;
(b) covol(𝐴𝑟−1) = √𝑟 and, in the trace metric, vol(𝐾𝑟 ) = 𝑟 𝑟−1√𝑟/(𝑟 − 1)!, so with 𝑚 = 𝑟 − 1 =

dim 𝐽0 the lattice-normalized volume is

vol(𝐾𝑟 )
covol(𝐴𝑟−1)

= 𝑟 𝑟−1

(𝑟 − 1)!
=

(𝑚 + 1)𝑚

𝑚!
.

The value (𝑚 + 1)𝑚/𝑚! is the one conjectured by Ehrhart [16] to bound the lattice-normalized
volume of any 𝑚-dimensional convex body whose barycenter is its only interior lattice point,
and 𝐾𝑟 is the body realizing it; see Remark 7.3 for the status of that bound.

Proof. Since tr𝐽 Γ𝐽 = 1, the trace-orthogonal projection of ∇Ψ𝐽 = Γ𝐽 onto 𝐽0 is Γ𝐽 − 𝑒/𝑟 , and
multiplying by 𝑟 gives (21); that Γℝ𝑟 |𝐽0 is a real-analytic diffeomorphism onto Δ∘ is Theorem 3.2
with Theorem 4.1, and 𝑦 ↦ 𝑟𝑦 − 𝑒 is affine and invertible.

(a) The barycenter of Δ𝑟−1 is 𝑒/𝑟 , so that of 𝐾𝑟 = 𝑟Δ𝑟−1 − 𝑒 is 0. A point of 𝐾𝑟 is 𝑦 = 𝑟𝑝 − 𝑒
with 𝑝 ∈ Δ𝑟−1, that is 𝑦 ∈ 𝐽0 with every 𝑦𝑖 ≥ −1, and 𝑦 is interior exactly when every 𝑦𝑖 > −1.
If such a 𝑦 also lies in ℤ𝑟 then 𝑦𝑖 ≥ 0 for every 𝑖, and ∑𝑖 𝑦𝑖 = 0 forces 𝑦 = 0; and 0 is interior.

30



(b) The lattice 𝐴𝑟−1 has basis 𝑐𝑖 − 𝑐𝑖+1 with Gram matrix the Cartan matrix of type 𝐴𝑟−1, of
determinant 𝑟 , so its covolume is √𝑟 . The standard simplex Δ𝑟−1 has (𝑟 − 1)-dimensional volume
√𝑟/(𝑟 − 1)!; dilation by 𝑟 multiplies it by 𝑟 𝑟−1 and the translation by −𝑒 leaves it unchanged.
Dividing gives 𝑟 𝑟−1/(𝑟 − 1)!.

Remark 7.3 (Peirce multiplicity becomes a Monge–Ampère source). Corollary 7.13 separates
the Gibbs volume density into the two pieces the Hessian keeps apart. Before rescaling, the
spectral covariance block contributes 𝑟 ∏𝑖 𝑤𝑖 and each continuous frame channel contributes
one logarithmic-mean factor for each of its 𝑑𝑖𝑗 dimensions; the rescaling by 𝑟 turns the first of
these into 𝑒−𝜑𝐽 and leaves the second untouched as the source.

The source degenerates exactly when the frame block disappears, and what remains is the
classical real Monge–Ampère equation underlying the Berman–Berndtsson transport potential:
det ∇2𝜑 = 𝑒−𝜑 with ∇𝜑(ℝ𝑚) = int 𝐾 is the equation they attach to a centered convex body 𝐾
[10], and Corollary 7.15 exhibits 𝜑ℝ𝑟 as an explicit solution for 𝐾 = 𝐾𝑟 . Every carrier with a
continuous frame deforms that equation by the factor 𝔰𝐽 .

Two qualifications belong with the Ehrhart reading. The bound (𝑚+1)𝑚/𝑚! was conjectured
by Ehrhart [16] and is known for particular classes of rational polytopes [11], with the equality
case in those classes settled in [31]; a proof in every dimension is reported in [32], where the
classification of the equality case is left open. Corollary 7.15 does not depend on any of this: it
computes the lattice data and the volume of 𝐾𝑟 directly. And unlike the Bergman route to the
inequality, the convexity used here comes from the Gibbs variational theorem and needs no
identification of a distinguished Gram entry with a full Bergman kernel.

The independence also runs the other way, and that direction carries more content. With
the inequality reported in every dimension while its equality case is left open, an equality body
produced by an unrelated route is a datum for that classification rather than a consequence of
it. Corollary 7.15 supplies one in every dimension 𝑚 = 𝑟 − 1: the body 𝐾𝑟 = 𝑟Δ𝑟−1 − 𝑒, its lattice
data, and a potential 𝜑ℝ𝑟 solving det ∇2𝜑 = 𝑒−𝜑 with ∇𝜑(𝐽0) = int 𝐾𝑟 , all read off the Gibbs chart
of the simplicial carrier. The claim is about the route and not about the body: 𝐾𝑟 is the expected
extremal simplex, and Corollary 7.15 classifies nothing.

The multiplicity data in the source are the same data that control symmetric-cone integration.
For a simple carrier they are the pair (𝑟 , 𝑑): the rank appears as the prefactor and as the number
of weight factors, the single multiplicity 𝑑 as the common exponent. For an arbitrary carrier the
controlling datum is the full array (𝑑𝑖𝑗), constant on each simple ideal and zero between ideals.
The same pair governs the Gindikin gamma function and the Weyl-type density of the cone
[19, 17]. The difference is that the Gibbs chart contributes logarithmic means of the weights
where the cone’s own volume element contributes a bare Vandermonde factor.
Remark 7.4 (The Bogoliubov–Kubo–Mori metric). For 𝐽 = Herm𝑟 (ℂ), Ψ𝐽 (𝑋) = log tr 𝑒𝑋 and
(15) is the standard eigenbasis expression for ∇2 log tr 𝑒𝑋 , whose off-diagonal entries are the
logarithmic means of the eigenvalues of 𝜌 = Γ𝐽 (𝑋). So 𝑔 is the pullback of the Bogoliubov–
Kubo–Mori metric under the Gibbs chart, equivalently its expression in exponential (natural)
coordinates [34, 35, 2]. This formulation distinguishes the metric in natural coordinates from
its Legendre-dual expression in state coordinates; see Remark 7.5. For 𝐽 = 𝐻3(𝕆) the same
formula gives an 𝐹4-invariant analogue on a 26-dimensional score space, with all 24 frame
directions metrically visible.
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Remark 7.5 (Which coordinates). The coefficients depend on the chart. In score (natural)
coordinates ∇2Ψ𝐽 has frame coefficients ℒ(𝑤𝑖, 𝑤𝑗), as above. In state coordinates the relevant
object is the dual Hessian ∇2𝜂𝐽 , and since Ψ𝐽 and 𝜂𝐽 are Legendre conjugates by Theorem 6.4,
the two Hessians are mutually inverse at corresponding points: the frame coefficients of ∇2𝜂𝐽
are the reciprocals 1/ℒ(𝑤𝑖, 𝑤𝑗). These are one dual pair, not two competing conventions.

The frame directions therefore do more than persist in the state space. They carry an
automorphism-invariant metric, weighted by logarithmic means of the same Gibbs weights the
chart emits, with total gain (16). The metric is canonical in a precise sense: it is the Hessian
of Ψ𝐽 , and the chart is the gradient of Ψ𝐽 . On 𝐻3(𝕆) this is a 26-dimensional 𝐹4-invariant
Riemannian metric on score space whose 24 frame directions are metrically visible and whose
2 spectral directions carry the familiar softmax covariance. Softmax is not absent from the
Albert chart; it is the spectral half of it. The next section sets the classical carriers side by side
before the frame is put to work.

8 carrier atlas: the weight–frame tradeoff

Table 1 collects the standard carrier families; all entries follow from Theorem 7.3 and Proposi-
tion 7.5 with the multiplicities of Example 2.1.

carrier 𝐽 dim 𝐽 𝑟 𝑑 dim𝔉𝐽 dimℬ∘ extreme pts Aut(𝐽 )

ℝ𝑛, 𝑛 ≥ 2 𝑛 𝑛 0 0 𝑛 − 1 𝑛 points 𝑆𝑛
Sym𝑟 (ℝ), 𝑟 ≥ 2 𝑟(𝑟+1)

2
𝑟 1 𝑟(𝑟−1)

2
𝑟(𝑟+1)

2
− 1 ℝ𝑃 𝑟−1 𝑃𝑂(𝑟)

Herm𝑟 (ℂ), 𝑟 ≥ 2 𝑟2 𝑟 2 𝑟(𝑟 − 1) 𝑟2 − 1 ℂ𝑃 𝑟−1 𝑃𝑈 (𝑟) ⋊ ℤ2
Herm𝑟 (ℍ), 𝑟 ≥ 3 𝑟(2𝑟−1) 𝑟 4 2𝑟(𝑟 − 1) 𝑟(2𝑟−1) − 1 ℍ𝑃 𝑟−1 𝑃𝑆𝑝(𝑟)
𝖵𝑚, 𝑚 ≥ 2 𝑚 + 1 2 𝑚 − 1 𝑚 − 1 𝑚 𝑆𝑚−1 𝑂(𝑚)
𝐻3(𝕆) 27 3 8 24 26 𝕆𝑃2, dim 16 𝐹4

Table 1. Standard carrier families. The Gibbs chart emits 𝑟 weights into a state space of dimension
(𝑟 − 1) + dim𝔉𝐽 = dim 𝐽 − 1; the last two columns are the extreme points of the closed state space and the
chart symmetry group Aut(𝐽 ). Of these columns only 𝑑 enters the Monge–Ampère source of Corollary 7.13;
the group in the last column is what Corollary 9.22 reads instead.

Two conventions in the table. In the complex row the ℤ2 acts by entrywise conjugation and
𝑃𝑈 (𝑟) is the identity component, while the other listed groups are full automorphism groups.
Under the stated restrictions every row but the first is simple; the first is the only frameless one
(Theorem 7.4), and its ordered-frame set is finite, with 𝑛! orderings, rather than empty. Two
boundary cases sit just outside the ranges shown. At 𝑚 = 1 the spin factor is 𝖵1 ≅ ℝ2, simplicial
rather than simple, with zero frame dimension. The quaternionic row starts at 𝑟 = 3 because
its rank-two member is a spin factor, Herm2(ℍ) ≅ 𝖵5 with Aut = 𝑂(5) and ℍ𝑃1 ≅ 𝑆4; there
𝑃𝑆𝑝(2) ≅ 𝑆𝑂(5) is only the identity component, since 𝑋 ↦ tr𝐽 (𝑋)𝑒 − 𝑋 is an automorphism
of determinant −1. The real and complex rows have no such defect, as 𝑃𝑂(2) ≅ 𝑂(2) and
𝑃𝑈 (2) ⋊ ℤ2 ≅ 𝑂(3).
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Reading the table across a fixed rank separates two things this paper keeps apart throughout
and has not yet named. Fix 𝑟 = 3 and read the rows ℝ3, Sym3(ℝ), Herm3(ℂ), Herm3(ℍ), 𝐻3(𝕆):
the Peirce multiplicity runs 𝑑 = 0, 1, 2, 4, 8, and by Corollary 7.13 the Monge–Ampère source of
every one of them is

𝔰𝐽 (𝑤) = [ℒ(𝑤1, 𝑤2)ℒ(𝑤1, 𝑤3)ℒ(𝑤2, 𝑤3)]
𝑑 ,

one function of the same three weights, raised to a power. Every coefficient in Theorem 7.10
and Corollaries 7.11 to 7.13 depends on the Peirce blocks only through their dimensions 𝑑𝑖𝑗 ,
so along this ladder the Albert algebra enters as the exponent 8 and in no other way. This
does not fail to separate carriers, since for simple 𝐽 the pair (𝑟 , 𝑑) already determines 𝐽 up to
isomorphism; it says what the source is a function of, which is a multiplicity count.

What a non-simplicial carrier supplies beyond that multiplicity count — the second of the
two things — is not a count. The blocks are modules, and the module structure first does work
in Corollary 9.22: the subgroup of 𝐹4 fixing an ordered Albert frame pointwise is Spin(8), and
the three edges carry 𝟖𝑣 ⊕ 𝟖𝑠 ⊕ 𝟖𝑐 , permuted by triality. No determinant, Jacobian or source
can see this, because each of them reads dim 𝐽𝑖𝑗 and nothing else. The two readings of what the
frame adds — how many dimensions, and what group acts on them how — are used separately
below and are not interchangeable.

Three instances are worth writing out.
Example 8.1 (Symmetric matrices: the density matrix). For 𝐽 = Sym𝑟 (ℝ) with 𝑋 ∘ 𝑌 = 1/2(𝑋𝑌 +
𝑌𝑋), the cone is the positive definite matrices, tr𝐽 is the matrix trace, exp𝐽 is the matrix
exponential, and Γ𝐽 (𝑋) = 𝑒𝑋/ tr(𝑒𝑋 ). This is a density matrix, not a probability vector: it
applies ordinary softmax to the eigenvalues and transports the eigenspaces, and the 1/2𝑟(𝑟 − 1)
frame dimensions record where those eigenspaces point.
Example 8.2 (Spin factor: the radial tanh). For 𝐽 = 𝖵𝑚 write 𝑥 = (𝑎, 𝑢) and 𝜌 = ‖𝑢‖. The
eigenvalues are 𝑎 ± 𝜌, and for 𝜌 > 0 the primitive idempotents are 𝑐± = 1/2(1, ±𝑢/𝜌), so
exp𝐽 (𝑎, 𝑢) = 𝑒𝑎(cosh 𝜌, sinh 𝜌

𝜌 𝑢) and tr𝐽 (𝑎, 𝑢) = 2𝑎, whence

Γ𝐽 (𝑎, 𝑢) = (12 ,
tanh 𝜌
2𝜌 𝑢).

At 𝜌 = 0 the frame is not determined and 𝑢/𝜌 is undefined, but the final formula extends
continuously, since tanh 𝜌/𝜌 → 1 and tanh 𝜌

2𝜌 𝑢 → 0: Γ𝐽 (𝑎, 0) = (1/2, 0) = 𝑒/2, the center of the
ball. The state space is {1/2} × 𝐵(0, 1/2): the simplicial normalizer has become a radial tanh into
a ball, the first coordinate pinned by the trace condition.

In the rank-3 example below we use the cubic norm. For any EJA of rank 𝑟 the determinant
𝑁 is the highest-degree characteristic coefficient of the Jordan characteristic polynomial, so
𝑁(𝑥) = ∏𝑘 𝜆𝑘 on a spectral decomposition; it is a homogeneous polynomial of degree 𝑟 , and
𝑁(𝑥) > 0 for 𝑥 ∈ Ω𝐽 . The converse fails: Ω𝐽 is the connected component of 𝑒 in the invertible
locus {𝑁 ≠ 0}, and positivity of 𝑁 alone does not characterize it. In Sym2(ℝ), for instance,
𝑁(−𝐼 ) = det(−𝐼 ) = 1 > 0 while −𝐼 ∉ Ω𝐽 . Its full polarization is normalized by

𝑁𝑟 (𝑥1, … , 𝑥𝑟 ) = 1
𝑟!

𝜕𝑟

𝜕𝑡1⋯𝜕𝑡𝑟
𝑁(𝑡1𝑥1 + ⋯ + 𝑡𝑟𝑥𝑟)|𝑡=0, (22)
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the unique symmetric 𝑟-linear form with 𝑁𝑟 (𝑥, … , 𝑥) = 𝑁(𝑥); homogeneity gives 𝜕 𝑟𝑡 𝑁(𝑡𝑥)|0 =
𝑟! 𝑁 (𝑥), which is what fixes the factor. For 𝑟 = 3 we write 𝑁3.
Example 8.3 (Albert algebra). For 𝐽 = 𝐻3(𝕆) and 𝑥 = 𝜆1𝑐1 + 𝜆2𝑐2 + 𝜆3𝑐3,

Γ𝐽 (𝑥) =
3
∑
𝑖=1

𝑒𝜆𝑖

𝑒𝜆1 + 𝑒𝜆2 + 𝑒𝜆3
𝑐𝑖,

a three-way softmax, entirely familiar. What has changed is where the weights are attached: the
frame (𝑐1, 𝑐2, 𝑐3) ranges over the 24-dimensional variety 𝐹4/Spin(8), and the state occupies the
26-dimensional manifold ℬ∘. The determinant-one slice {𝑦 ∈ Ω𝐽 ∶ 𝑁(𝑦) = 1} is the Riemannian
symmetric space 𝐸6(−26)/𝐹4, and ℬ∘ is radially diffeomorphic to it via 𝑝 ↦ 𝑁(𝑝)−1/3𝑝, with
inverse 𝑦 ↦ 𝑦/ tr𝐽 𝑦 . By Propositions 7.6 and 7.8 the three weights exhaust the one-state
𝐹4-invariants; by Proposition 7.9 the 24 frame dimensions become invariantly observable the
moment a second state is present; and by Corollary 7.11 they carry an 𝐹4-invariant metric with
logarithmic-mean coefficients. The ratio of spectral to total state dimensions is 2/26 = 1/13;
for ℝ𝑛 it is 1.
Remark 8.1 (Trace form versus dot product). Every inner product above is ⟨𝑥, 𝑦⟩ = tr𝐽 (𝑥 ∘ 𝑦).
For 𝐻3(𝕆) in natural matrix coordinates — diagonal entries 𝑎𝑖, off-diagonal octonions 𝑢𝑖𝑗 —

tr𝐽 (𝑋 ∘ 𝑌 ) = ∑
𝑖
𝑎𝑖𝑏𝑖 + 2∑

𝑖<𝑗
⟨𝑢𝑖𝑗 , 𝑣𝑖𝑗⟩𝕆,

so the Gram matrix of 𝑇 has eigenvalue 1 on the three diagonal directions and 2 on the twenty-
four off-diagonal ones. Pairing states with a plain dot product in these coordinates is off by
a factor of 2 on 24 of 27 coordinates, which Corollary 7.11 would then report incorrectly. This
is a coordinate convention, not an indictment of dot products: rescaling every off-diagonal
coordinate by √2 gives an orthonormal basis in which the ordinary dot product is the trace
form.

The table settles what the frame is. What remains is whether it can do anything.

9 polar transport and frame-sensitive readouts

The preceding sections identify the additional degrees of freedom supplied by a non-simplicial
carrier. We now determine which of those degrees survive canonical normalization, and how
they may act on carrier-valued data. The aim is not to prescribe a particular architecture but
to characterize the normalization, transport and readout operations that the symmetric-cone
structure makes available.

The development has three stages. First the normalization: Section 9.1 records what a
scalar score keeps and what it drops, Section 9.2 normalizes cone-valued scores into effects, and
Section 9.3 identifies the surviving query dependence as an automorphism of the carrier. Then
the construction: Section 9.4 gives the radial–effect coordinates in which the normalization
is invertible and locates the compact factor on the projectivized cone, Section 9.5 lets the
effects act on carrier-valued values, and Section 9.6 exhibits the transporter differential as a
filter on Peirce edges. Then the readouts: Section 9.7 reduces the central-value branch to two
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additive carrier moments, Section 9.8 treats relative-frame separation and orbit curvature, and
Section 9.9 pairs transported Peirce projections into positive kernels. Section 9.10 records two
things the construction does not contain: a composite of carriers, and a test of nonclassicality.

9.1 scalar normalization forgets the covariant frame

Suppose a scoring rule, possibly followed by a separately specified positivity map, produces
nonnegative scalars 𝑠𝑖𝑗 ∈ ℝ≥0 for query 𝑖 and keys 𝑗 = 1, … , 𝑛. Candidate rules include dot
products, determinants, and polarized cubic invariants of Albert-valued data; which of them
actually satisfy the nonnegativity hypothesis is a separate question, taken up below. The row
𝑠𝑖 = (𝑠𝑖1, … , 𝑠𝑖𝑛) lies in the closed cone ℝ𝑛≥0 of the simplicial carrier, and if 𝑠𝑖 ≠ 0 then sum
normalization lands in Δ𝑛−1. Scalar normalization therefore returns to the simplicial carrier:
whatever algebra manufactured the numbers, the normalization step takes place in ℝ𝑛, and by
Theorem 7.4 that carrier has no frame directions at all. What is dropped is the covariant carrier
frame, not every trace of the geometry. Relational scalar invariants computed upstream survive
as numbers, and one of them — the trace pairing ⟨𝑝, 𝑞⟩ — already separates configurations
with identical individual spectra (Proposition 9.19). What no longer travels downstream is the
equivariant frame itself, and with it the carrier-valued action of Section 9.5.

Two provisos carry real content. Nonnegativity of the kernel on its domain of use requires
proof: the polarized cubic 𝑁3(𝑥, 𝑞, 𝑘) is a real number of no fixed sign, so it can serve as a
kernel but is not an element of Ω𝐽 and does not occupy the cone corner of Figure 1. And 𝑠𝑖 = 0
must be excluded or handled: sum normalization is undefined on the zero row, and unlike the
exponential lift — valued in the open cone, which it cannot leave — a construction that omits
the lift reaches the cone boundary by design. A boundary rule (uniform fallback, a distinguished
null key, a carried-forward state) is part of the specification.

Carrier-valued covariance is retained by keeping the scores in Ω𝐽 ; cone-valued kernels built
from symmetric-cone data have been proposed for linear attention on exactly these grounds
[18]. For 𝑞, 𝑘 ∈ Ω𝐽 the quadratic representation gives

𝐴 = 𝑃(𝑞1/2)𝑘 ∈ Ω𝐽 , (23)

the Jordan form of the congruence 𝑞1/2𝑘𝑞1/2, positive because 𝑃(𝑎) preserves the cone for
invertible 𝑎 [17, Ch. II–III]. A row of such scores lies in 𝐽 𝑛 = 𝐽 ⊕ ⋯ ⊕ 𝐽 , itself an EJA with
componentwise operations and trace tr𝐽 𝑛 = ∑𝑗 tr𝐽 , so trace normalization gives carrier-valued
weights 𝑊𝑗 = 𝑌𝑗/∑𝑘 tr𝐽 (𝑌𝑘) with ∑𝑗 tr𝐽 (𝑊𝑗) = 1 — a normalized tuple of positive elements, not
a probability vector. What remains is a normalization adapted to the cone and an action on
values. Both are supplied below.
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9.2 canonical effect normalization

The following is the Jordan analogue of normalizing positive operators into a resolution of the
identity. Effects and their pairings with states on Jordan-algebraic state spaces are developed
systematically by Alfsen and Shultz [1], and Section 9.4 shows that this normalization discards
nothing that cannot be restored.

Proposition 9.1 (Effect normalization). Let 𝐴1, … , 𝐴𝑛 ∈ Ω𝐽 with 𝑆 = ∑𝑗 𝐴𝑗 ∈ Ω𝐽 , and set
𝐸𝑗 = 𝑃(𝑆−1/2)𝐴𝑗 . Then 𝐸𝑗 ∈ Ω𝐽 and ∑𝑗 𝐸𝑗 = 𝑒, so for every state 𝜌 ∈ ℬ𝐽

𝑝𝑗 = ⟨𝜌, 𝐸𝑗⟩

satisfies 𝑝𝑗 ≥ 0 and ∑𝑗 𝑝𝑗 = 1. The construction is equivariant,

𝐸𝑗(𝑔𝐴1, … , 𝑔𝐴𝑛) = 𝑔 𝐸𝑗(𝐴1, … , 𝐴𝑛) for 𝑔 ∈ Aut(𝐽 ).

Moreover 𝑃(𝑆−1/2) is the unique cone automorphism carrying 𝑆 to 𝑒 that is positive definite and
self-adjoint for the trace form.

Proof. The operator 𝑃(𝑆−1/2) is a cone automorphism, so each 𝐸𝑗 lies in the closed cone, and
∑𝑗 𝐸𝑗 = 𝑃(𝑆−1/2)𝑆 = 𝑒 by [17, Prop. II.3.1]. In the matrix case this reads 𝐸𝑗 = 𝑆−1/2𝐴𝑗𝑆−1/2 with
∑𝑗 𝐸𝑗 = 𝐼 . Nonnegativity of 𝑝𝑗 follows from self-duality of the cone, and ∑𝑗 𝑝𝑗 = ⟨𝜌, 𝑒⟩ = tr𝐽 𝜌 = 1.
Equivariance follows from 𝑔 𝑃(𝑎) 𝑔−1 = 𝑃(𝑔𝑎) and the definition of 𝑆.

For uniqueness, suppose 𝑔 ∈ 𝐺(Ω𝐽 ) satisfies 𝑔𝑆 = 𝑒 and is positive definite self-adjoint.
Then ℎ ∶= 𝑔 𝑃(𝑆1/2) fixes 𝑒, since 𝑃(𝑆1/2)𝑒 = 𝑆; and the stabilizer of 𝑒 in 𝐺(Ω𝐽 ) is Aut(𝐽 )
[17, Thm. III.5.1], whose elements are orthogonal for the trace form because they preserve
both the product and the trace. Thus 𝑔 = ℎ 𝑃(𝑆−1/2) exhibits a factorization of 𝑔 into an
orthogonal operator times a positive definite self-adjoint one — a polar decomposition. The
polar decomposition of a positive definite self-adjoint operator has orthogonal part the identity,
so ℎ = id and 𝑔 = 𝑃(𝑆−1/2).

The construction specializes as expected: for 𝐽 = ℝ it is ordinary scalar sum normalization;
for matrix carriers it is the standard square-root normalization 𝐸𝑗 = 𝑆−1/2𝐴𝑗𝑆−1/2 of positive
effects; for 𝐻3(𝕆) it is the exceptional quadratic-representation analogue. It also runs row by
row, so the effects may depend on the query: setting

𝐴𝑖𝑗 = 𝐴(𝑞𝑖, 𝑘𝑗), 𝑆𝑖 = ∑
𝑗
𝐴𝑖𝑗 , 𝐸𝑖𝑗 = 𝑃(𝑆−1/2𝑖 )𝐴𝑖𝑗 , 𝑝𝑖𝑗 = ⟨𝜌𝑖, 𝐸𝑖𝑗⟩,

the proof of Proposition 9.1 applies verbatim to each 𝑖, and the resulting layer is query–key
dependent rather than a state measured against one fixed effect family. Aggregating, 𝑂𝑖 =
∑𝑗 𝑝𝑖𝑗𝑉𝑗 , and simultaneous transport of all carrier objects by 𝑔 ∈ Aut(𝐽 ) leaves the probabilities
invariant and the output equivariant.
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9.3 the polar transporter

Normalizing the congruenced scores (23) looks at first like discarding the query: the effects
sum to 𝑒 whatever 𝑞 was. They do not. The query survives exactly, as an automorphism of
the carrier, and that automorphism is the mechanism by which relative-frame data enters a
routing layer.

Theorem 9.2 — Polar factorization of effect normalization

Let 𝑘1, … , 𝑘𝑚 ∈ Ω𝐽 with 𝐾 = ∑𝑗 𝑘𝑗 ∈ Ω𝐽 , let 𝑞 ∈ Ω𝐽 , and set

𝐴𝑗 = 𝑃(𝑞1/2)𝑘𝑗 , 𝑆 = ∑
𝑗
𝐴𝑗 = 𝑃(𝑞1/2)𝐾, 𝐸𝑗 = 𝑃(𝑆−1/2)𝐴𝑗 , 𝐸𝑗 = 𝑃(𝐾−1/2)𝑘𝑗 .

Then ∑𝑗 𝐸𝑗 = ∑𝑗 𝐸𝑗 = 𝑒, and with

𝒰(𝑞, 𝐾) ∶= 𝑃(𝑆−1/2) 𝑃(𝑞1/2) 𝑃(𝐾1/2) (24)

one has 𝒰(𝑞, 𝐾) ∈ Aut(𝐽 ) and

𝐸𝑗 = 𝒰(𝑞, 𝐾) 𝐸𝑗 for every 𝑗. (25)

Equivalently, (24) is the left polar decomposition

𝑃(𝑞1/2)𝑃(𝐾1/2) = 𝑃(𝑆1/2)𝒰(𝑞, 𝐾) (26)

of the composite cone automorphism, in which 𝑃(𝑆1/2) is the positive radial factor and 𝒰(𝑞, 𝐾)
the orthogonal automorphism factor; this is what the name polar transport refers to. The
construction is equivariant: 𝒰(𝑔𝑞, 𝑔𝐾) = 𝑔 𝒰(𝑞, 𝐾) 𝑔−1 for 𝑔 ∈ Aut(𝐽 ). Writing 𝐺 = 𝐺(Ω𝐽 ) for
the linear automorphism group of the cone, 𝐾𝐽 = Aut(𝐽 ) = Stab𝐺(𝑒) and 𝑠𝑥 = 𝑃(𝑥1/2) for the
canonical positive section of 𝐺 → 𝐺/𝐾𝐽 ≅ Ω𝐽 , the map

𝜅(𝑔, 𝑥) = 𝑠−1𝑔𝑥 𝑔 𝑠𝑥 ∈ 𝐾𝐽

satisfies the cocycle identity 𝜅(𝑔1𝑔2, 𝑥) = 𝜅(𝑔1, 𝑔2𝑥) 𝜅(𝑔2, 𝑥), and 𝒰(𝑞, 𝐾) = 𝜅(𝑃(𝑞1/2), 𝐾).

Proof. Step 1 (the sums). 𝑃(𝑎−1) = 𝑃(𝑎)−1 and 𝑃(𝑎1/2)𝑒 = 𝑎 [17, Prop. II.3.1], so ∑𝑗 𝐸𝑗 =
𝑃(𝐾−1/2)𝐾 = 𝑒 and ∑𝑗 𝐸𝑗 = 𝑃(𝑆−1/2)𝑆 = 𝑒; each 𝑃(𝑎) with 𝑎 ∈ Ω𝐽 preserves Ω𝐽 , so all the
elements listed lie in the closed cone, and 𝑆 ∈ Ω𝐽 because 𝑃(𝑞1/2) is a cone automorphism.

Step 2 (𝒰 fixes 𝑒). Each factor of (24) lies in 𝐺, and

𝒰(𝑞, 𝐾) 𝑒 = 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝑃(𝐾1/2)𝑒 = 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝐾 = 𝑃(𝑆−1/2)𝑆 = 𝑒.

The stabilizer of 𝑒 in 𝐺 is Aut(𝐽 ) [17, Thm. III.5.1], so 𝒰(𝑞, 𝐾) ∈ Aut(𝐽 ).

Step 3 (the transport identity). From 𝐸𝑗 = 𝑃(𝐾−1/2)𝑘𝑗 we get 𝑘𝑗 = 𝑃(𝐾1/2)𝐸𝑗 , hence

𝐸𝑗 = 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝑘𝑗 = 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝑃(𝐾1/2)𝐸𝑗 = 𝒰(𝑞, 𝐾)𝐸𝑗 .
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Step 4 (equivariance and the cocycle). An automorphism commutes with spectral calculus,
so 𝑔(𝑎1/2) = (𝑔𝑎)1/2, and 𝑔 𝑃(𝑎) 𝑔−1 = 𝑃(𝑔𝑎). Hence 𝑆(𝑔𝑞, 𝑔𝐾) = 𝑃((𝑔𝑞)1/2)𝑔𝐾 = 𝑔𝑆, and
substituting into (24) gives 𝒰(𝑔𝑞, 𝑔𝐾) = 𝑔𝒰(𝑞, 𝐾)𝑔−1. For the cocycle, 𝑠−1𝑦 𝑦 = 𝑃(𝑦−1/2)𝑦 = 𝑒
gives 𝜅(𝑔, 𝑥)𝑒 = 𝑠−1𝑔𝑥 𝑔𝑥 = 𝑒, so 𝜅(𝑔, 𝑥) ∈ 𝐾𝐽 ; and

𝜅(𝑔1, 𝑔2𝑥)𝜅(𝑔2, 𝑥) = 𝑠−1𝑔1𝑔2𝑥𝑔1𝑠𝑔2𝑥 𝑠
−1
𝑔2𝑥𝑔2𝑠𝑥 = 𝑠−1𝑔1𝑔2𝑥𝑔1𝑔2𝑠𝑥 = 𝜅(𝑔1𝑔2, 𝑥).

Taking 𝑔 = 𝑃(𝑞1/2) and 𝑥 = 𝐾 , so that 𝑔𝑥 = 𝑆, gives 𝜅(𝑔, 𝐾) = 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝑃(𝐾1/2) =
𝒰(𝑞, 𝐾).

Since 𝒰(𝑞, 𝐾) is an automorphism, it preserves every spectrum: the individual spectra of
the normalized effects are those of the query-free 𝐸𝑗 , and all of the query dependence sits in a
common transport of their frames. The residue left by normalization is Aut(𝐽 )-valued, and the
next proposition says exactly when it is nontrivial.

Proposition 9.3 (The transporter across carriers). In the setting of Theorem 9.2:

(a) If 𝑞 and 𝐾 are diagonal in a common Jordan frame then 𝒰(𝑞, 𝐾) = id. In particular 𝒰 ≡ id
on 𝐽 ≅ ℝ𝑟 , where every pair of elements shares the standard frame.

(b) For 𝐽 = Herm𝑟 (ℂ) with 𝑆 = 𝑞1/2𝐾𝑞1/2, the element 𝑢 = 𝑆−1/2𝑞1/2𝐾1/2 is unitary and
𝒰(𝑞, 𝐾)𝑋 = 𝑢𝑋𝑢∗: the transporter is the unitary polar factor of 𝑞1/2𝐾1/2. The carriers
Sym𝑟 (ℝ) and Herm𝑟 (ℍ) give the orthogonal and compact-symplectic analogues.

(c) For 𝐽 = 𝐻3(𝕆), 𝒰(𝑞, 𝐾) ∈ 𝐹4.

Proof. (a) Let 𝑞 = ∑𝑘 𝑞𝑘𝑐𝑘 and 𝐾 = ∑𝑘 𝐾𝑘𝑐𝑘 with 𝑞𝑘 , 𝐾𝑘 > 0. For 𝑎 = ∑𝑘 𝑎𝑘𝑐𝑘 ∈ Ω𝐽 the
operator 𝑃(𝑎) acts on ℝ𝑐𝑘 by 𝑎2𝑘 and on 𝐽𝑖𝑗 by 𝑎𝑖𝑎𝑗 [17, Lem. IV.2.2]. Hence 𝑆 = 𝑃(𝑞1/2)𝐾 =
∑𝑘 𝑞𝑘𝐾𝑘𝑐𝑘 , and on ℝ𝑐𝑘 the composite (24) acts by (𝑞𝑘𝐾𝑘)−1 ⋅ 𝑞𝑘 ⋅ 𝐾𝑘 = 1, while on 𝐽𝑖𝑗 it acts by
(𝑞𝑖𝐾𝑖𝑞𝑗𝐾𝑗)−1/2(𝑞𝑖𝑞𝑗)1/2(𝐾𝑖𝐾𝑗)1/2 = 1. So 𝒰(𝑞, 𝐾) is the identity on every Peirce block, hence on 𝐽
by (4). For 𝐽 ≅ ℝ𝑟 the frame is unique (Theorem 7.4), so every pair qualifies.

(b) 𝑢𝑢∗ = 𝑆−1/2𝑞1/2𝐾𝑞1/2𝑆−1/2 = 𝑆−1/2𝑆𝑆−1/2 = 𝐼 . Since 𝑃(𝑎)𝑋 = 𝑎𝑋𝑎 for Hermitian matrix
carriers and 𝑢∗ = 𝐾1/2𝑞1/2𝑆−1/2,

𝒰(𝑞, 𝐾)𝑋 = 𝑆−1/2𝑞1/2𝐾1/2 𝑋 𝐾1/2𝑞1/2𝑆−1/2 = 𝑢𝑋𝑢∗.

Writing 𝑞1/2𝐾1/2 = 𝑢 (𝐾1/2𝑞𝐾1/2)1/2 exhibits 𝑢 as its polar unitary factor.
(c) Aut(𝐻3(𝕆)) = 𝐹4 (Corollary 7.2) and 𝒰(𝑞, 𝐾) ∈ Aut(𝐽 ) by Theorem 9.2.

Part (a) sharpens Theorem 7.4 on the architectural side. Under the congruence score (23),
canonical effect normalization cancels every spectrally commuting component of the query;
what survives is precisely the relative-frame transporter, and on the simplicial carrier that
survivor is trivial. The exceptional carrier at the other end produces an endogenous 𝐹4-valued
transporter from nothing but the query and the keys.

The sharpening is an equivalence, and it closes the circle back to Section 7.

Corollary 9.4 (Framelessness is exactly triviality of the transporter). For a Euclidean Jordan
algebra 𝐽 the following are equivalent:
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(a) 𝒰(𝑞, 𝐾) = id for every 𝑞, 𝐾 ∈ Ω𝐽 ;
(b) 𝒰( ⋅ , 𝐾) is constant on Ω𝐽 for every 𝐾 ∈ Ω𝐽 ;
(c) 𝐽 ≅ ℝ𝑟 , equivalently any of the conditions of Theorem 7.4.

Consequently, on the simplicial carrier the query acts on the keys through the radial channel
alone: 𝐸𝑗 = 𝐸𝑗 for every 𝑗, so effect normalization removes the query entirely, and by Proposi-
tion 9.5 what it removes is exactly 𝑆 = 𝑞 ∘ 𝐾 . There the compact channel has nothing to act on:
by Theorem 7.4 there is no frame tangent, so normalization has nothing to discard beyond the
scale.

Proof. (a)⇒(b) is immediate, and (c)⇒(a) is Proposition 9.3(a), since in ℝ𝑟 every pair of elements
is diagonal in the unique frame. For (b)⇒(c) argue contrapositively. Suppose 𝐽 ≇ ℝ𝑟 . By
Theorem 7.4(c) some Jordan frame (𝑐𝑘) has a nonzero Peirce block 𝐽𝑖𝑗 ; choose 0 ≠ ℎ ∈ 𝐽𝑖𝑗 and
𝐾 = ∑𝑘 𝜅𝑘𝑐𝑘 ∈ Ω𝐽 with 𝜅𝑖 ≠ 𝜅𝑗 . By Lemma 9.10 — proved in Section 9.6 from 𝐾 alone, and
independent of this corollary —

𝑑
𝑑𝑡
|
0
𝒰(exp𝐽 (𝑡ℎ), 𝐾) = 4[𝐿𝑧 , 𝐿𝑐𝑖], 𝑧 =

√𝜅𝑖 − √𝜅𝑗
2(√𝜅𝑖 + √𝜅𝑗)

ℎ ≠ 0,

and (13) gives 4[𝐿𝑧 , 𝐿𝑐𝑖]𝑐𝑖 = 𝑧 ≠ 0. So the derivative is nonzero and 𝑡 ↦ 𝒰(exp𝐽 (𝑡ℎ), 𝐾) is
nonconstant.

Theorem 7.4 and Corollary 9.4 are one degeneracy read in two places. Framelessness is a
statement about the state space of the carrier; triviality of the transporter is a statement about
what survives a normalization step; and the second holds because the first does.

𝑘𝑗 𝐸𝑗

𝐴𝑗 𝐸𝑗

𝑃(𝐾−1/2)

𝑃(𝑆−1/2)

𝑃(𝑞1/2) 𝒰(𝑞, 𝐾)commutes

positive self-adjoint
cone automorphism

orthogonal cone
automorphism

𝐽 𝐽⊕𝑚

𝐽⊕𝑚𝐽

ℑ𝐸

ℑ∗
𝐸

positive, trace-preserving
𝑉 ↦ (𝑃(𝐸1/2

𝑗 )𝑉 )𝑗
(𝑉𝑗)𝑗 ↦ ∑𝑗 𝑃(𝐸

1/2
𝑗 )𝑉𝑗

positive, unital

FIG. 4. Left: query-congruenced and query-free normalization differ by the orthogonal transporter 𝒰(𝑞, 𝐾); the other
three arrows are positive self-adjoint cone automorphisms (Theorem 9.2). Right: ℑ𝐸 is positive and trace-preserving,
while ℑ∗

𝐸 is positive and unital (Proposition 9.9).
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9.4 radial and effect coordinates

The augmented radial–effect coordinates are lossless: the correspondence (𝐴𝑗) ↔ (𝑆; (𝐸𝑗)) is
invertible, while projection to the normalized effects alone forgets 𝑆. The change of coordinates
separates a radial channel from a bounded one. The radial coordinate 𝑆 ranges over the
noncompact cone Ω𝐽 , while the normalized-effect coordinate is bounded: for 𝑚 ≥ 2 the strict
effect manifold ℰ ∘

𝑚(𝐽 ) is open and hence noncompact, though its closure is compact, and for
𝑚 = 1 it degenerates to the single point {𝑒}. For query-induced effect families the surviving
frame dependence lies in the compact group Aut(𝐽 ).

Proposition 9.5 (Radial and effect coordinates). Write

ℰ ∘
𝑚(𝐽 ) = {(𝐸1, … , 𝐸𝑚) ∈ Ω𝑚

𝐽 ∶ ∑𝑗 𝐸𝑗 = 𝑒}

for the strict effect manifold. The maps

𝑆 = ∑
𝑗
𝐴𝑗 , 𝐸𝑗 = 𝑃(𝑆−1/2)𝐴𝑗 and 𝐴𝑗 = 𝑃(𝑆1/2)𝐸𝑗

are mutually inverse and give a real-analytic diffeomorphism

Ω𝑚
𝐽 ≅ Ω𝐽 × ℰ ∘

𝑚(𝐽 ).

Moreover, writing 𝑔𝑞,𝐾 = 𝑃(𝑞1/2)𝑃(𝐾1/2) for the composite cone automorphism of Theorem 9.2,

𝑔𝑞,𝐾 𝑒 = 𝑆, 𝑔𝑞,𝐾 = 𝑃(𝑆1/2)𝒰(𝑞, 𝐾), 𝐴𝑗 = 𝑃(𝑆1/2)𝒰(𝑞, 𝐾) 𝐸𝑗 . (27)

Proof. For 𝐴𝑗 ∈ Ω𝐽 the sum 𝑆 lies in Ω𝐽 and 𝑃(𝑆−1/2) is a cone automorphism, so every 𝐸𝑗 ∈ Ω𝐽
and ∑𝑗 𝐸𝑗 = 𝑃(𝑆−1/2)𝑆 = 𝑒 [17, Prop. II.3.1]. Conversely, given 𝑆 ∈ Ω𝐽 and (𝐸𝑗) ∈ ℰ ∘

𝑚(𝐽 ),
the elements 𝐴𝑗 = 𝑃(𝑆1/2)𝐸𝑗 lie in Ω𝐽 and sum to 𝑃(𝑆1/2)𝑒 = 𝑆. The two composites are the
identity because 𝑃(𝑆1/2)𝑃(𝑆−1/2) = id, and 𝑎 ↦ 𝑎±1/2 and 𝑎 ↦ 𝑃(𝑎) are real-analytic on Ω𝐽 .
The set ℰ ∘

𝑚(𝐽 ) is the intersection of the open set Ω𝑚
𝐽 with the affine subspace {∑𝑗 𝐸𝑗 = 𝑒},

hence a real-analytic submanifold of dimension (𝑚 − 1) dim 𝐽 ; the dimensions match, since
𝑚 dim 𝐽 = dim 𝐽 + (𝑚 − 1) dim 𝐽 . For (27), 𝑔𝑞,𝐾 𝑒 = 𝑃(𝑞1/2)𝐾 = 𝑆, and multiplying (24) on the
left by 𝑃(𝑆1/2) gives the factorization, which is (26); the last identity is (25).

On the larger locus 𝐴𝑗 ∈ Ω𝐽 with 𝑆 ∈ Ω𝐽 , the same formulas give a bijection onto Ω𝐽 ×{(𝐸𝑗) ∈
Ω𝑚
𝐽 ∶ ∑𝑗 𝐸𝑗 = 𝑒}; both directions are restrictions of ambient real-analytic maps in the variables

for which 𝑆 ∈ Ω𝐽 . That larger target is stratified by the ranks of the 𝐸𝑗 rather than being an
open analytic manifold, which is why the diffeomorphism is stated on the strict locus. When 𝑆
itself is singular, normalization still makes sense inside the face that 𝑆 generates.

Proposition 9.6 (Normalization inside the support face). Let 𝐴1, … , 𝐴𝑚 ∈ Ω𝐽 with 𝑆 = ∑𝑗 𝐴𝑗 ≠
0, possibly singular, and let 𝑠 be the support idempotent of 𝑆. Then every 𝐴𝑗 lies in the face
subalgebra 𝐽𝑠 = 𝑉1(𝑠), in which 𝑆 is invertible, and

𝐸𝑗 = 𝑃𝐽𝑠(𝑆
−1/2)𝐴𝑗 , ∑

𝑗
𝐸𝑗 = 𝑠,

the square root and quadratic representation being taken in 𝐽𝑠 . Adjoining the null-complement
effect 𝐸0 = 𝑒 − 𝑠 gives an effect family in 𝐽 .
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Proof. Each 𝐴𝑗 lies in Ω𝐽 and ∑𝑗 𝐴𝑗 = 𝑆, so 0 ≤ 𝐴𝑗 ≤ 𝑆. Self-duality gives ⟨𝑒 − 𝑠, 𝐴𝑗⟩ ≥ 0,
while ⟨𝑒 − 𝑠, 𝐴𝑗⟩ ≤ ⟨𝑒 − 𝑠, 𝑆⟩ = 0 because 𝑆 ∈ 𝑉1(𝑠) and the Peirce spaces 𝑉1(𝑠), 𝑉1(𝑒 − 𝑠) are
trace-orthogonal. Hence ⟨𝑒−𝑠, 𝐴𝑗⟩ = 0, so (𝑒−𝑠)∘𝐴𝑗 = 0 by Lemma 6.1 and 𝐴𝑗 ∈ 𝑉0(𝑒−𝑠) = 𝑉1(𝑠).
Inside 𝐽𝑠 , a Euclidean Jordan algebra with unit 𝑠 [17, Prop. IV.1.1], the element 𝑆 is invertible
and Proposition 9.1 applies verbatim. Finally 𝑠 + (𝑒 − 𝑠) = 𝑒.

This normalizes the boundary stratum by stratum. It does not extend the transporter theorem
for free: the support face now moves with the data and has to be carried along, so Theorem 9.2
applies within a fixed face rather than across the stratification.

Normalization becomes lossless after adjoining the radial coordinate 𝑆. The projection
(𝐴𝑗) ↦ (𝐸𝑗) by itself forgets 𝑆; it is the augmented correspondence (𝐴𝑗) ↔ (𝑆; 𝐸𝑗) that is
invertible. The query accordingly acts on the keys through two channels,

𝑆 = 𝑃(𝑞1/2)𝐾 and 𝒰(𝑞, 𝐾) ∈ Aut(𝐽 ),

of which the first is the positive radial factor and the second the compact frame factor; effect
normalization keeps the second and discards the first. When 𝑞 and 𝐾 spectrally commute the
compact factor is trivial (Proposition 9.3(a)), while the radial factor 𝑆 = 𝑞 ∘ 𝐾 retains the query
dependence. An architecture that wants to keep it can carry

𝒯 (𝑞, 𝐾) = ( 𝑆
tr𝐽 𝑆

, log tr𝐽 𝑆, 𝒰(𝑞, 𝐾)|𝐽0),

a normalized cone state, a total scalar gain, and the frame transporter. These three reconstruct
𝑆 and hence 𝑔𝑞,𝐾 = 𝑃(𝑆1/2)𝒰 exactly, so the normalized branch 𝒰𝑣 and the full branch 𝑔𝑞,𝐾 𝑣 =
𝑃(𝑆1/2)𝒰𝑣 — positive for 𝑣 ∈ Ω𝐽 , since 𝑔𝑞,𝐾 is a cone automorphism — can coexist.

The two channels differ in what they are able to represent, and the difference is exact: the
radial factor is homogeneous, and the compact factor cannot see scale at all.

Proposition 9.7 (The transporter is a function on the projectivized cone). In the setting of
Theorem 9.2, for all 𝜇, 𝜆 > 0,

𝒰(𝜇𝑞, 𝜆𝐾) = 𝒰(𝑞, 𝐾), while 𝑆(𝜇𝑞, 𝜆𝐾) = 𝜇𝜆 𝑆(𝑞, 𝐾).

Hence 𝒰 descends along the normalization 𝜋 of Definition 3.1 to a map

𝒰 ∶ (Ω𝐽/ℝ>0) × (Ω𝐽/ℝ>0) = ℬ∘
𝐽 × ℬ

∘
𝐽 ⟶ Aut(𝐽 ).

More is true of the cocycle itself. The dilations ℝ>0 ⋅ id lie in 𝐺 = 𝐺(Ω𝐽 ) and are central there,
the positive section satisfies 𝑠𝜆𝑥 = 𝜆𝑠𝑥 , and consequently

𝜅(𝜆 id, 𝑥) = id, 𝜅(𝜆𝑔, 𝜇𝑥) = 𝜅(𝑔, 𝑥) (𝜆, 𝜇 > 0),

so 𝜅 is a function on (𝐺/ℝ>0) × (Ω𝐽/ℝ>0).

Proof. The quadratic representation is homogeneous of degree two, 𝑃(𝑡𝑎) = 𝑡2𝑃(𝑎), because
𝐿𝑡𝑎 = 𝑡𝐿𝑎 and 𝐿(𝑡𝑎)∘2 = 𝑡2𝐿𝑎∘2; and the spectral square root is homogeneous of degree one
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half. Hence 𝑠𝜆𝑥 = 𝑃((𝜆𝑥)1/2) = 𝜆𝑃(𝑥1/2) = 𝜆𝑠𝑥 . Scalars commute with every linear map, so
𝜅(𝜆 id, 𝑥) = 𝑠−1𝜆𝑥 (𝜆 id)𝑠𝑥 = (𝜆𝑠𝑥 )−1𝜆𝑠𝑥 = id, and, using 𝑔(𝜇𝑥) = 𝜇 𝑔𝑥 ,

𝜅(𝜆𝑔, 𝜇𝑥) = 𝑠−1𝜆𝜇 𝑔𝑥 𝜆𝑔 𝑠𝜇𝑥 = (𝜆𝜇)−1𝑠−1𝑔𝑥 𝜆𝑔 𝜇𝑠𝑥 = 𝜅(𝑔, 𝑥).

Take 𝑔 = 𝑃(𝑞1/2) and 𝑥 = 𝐾 . Since 𝑃((𝜇𝑞)1/2) = 𝜇𝑃(𝑞1/2), the displayed identity gives

𝒰(𝜇𝑞, 𝜆𝐾) = 𝜅(𝜇𝑃(𝑞1/2), 𝜆𝐾) = 𝜅(𝑃(𝑞1/2), 𝐾) = 𝒰(𝑞, 𝐾)

by Theorem 9.2. The radial identity is 𝑃((𝜇𝑞)1/2)(𝜆𝐾) = 𝜇𝜆𝑃(𝑞1/2)𝐾 , and the descent statement
is Theorem 3.2 with 𝜋(Ω𝐽 ) = ℬ∘

𝐽 .

This quotient is the normalization of Definition 3.1 itself, not a second one that resembles it.
The multiplicative gauge ℝ>0 of Theorem 3.2(b) — the right-hand vertical of Figure 1, and the
image of the additive gauge ℝ𝑒 under exp𝐽 — is central in the cone group, and the polar section
is equivariant for it, so it contributes nothing to 𝜅. The projectivization that turns the cone
into the state space and the projectivization that the transporter is blind to are one quotient
appearing on both sides of Figure 1. The polar factorization accordingly splits cone-valued data
into a channel that carries scale and a channel structurally incapable of carrying it, and effect
normalization is exactly the projection onto the second. The coordinate log tr𝐽 𝑆 in 𝒯 (𝑞, 𝐾) is
what puts the first one back.

That is the whole of the independence between the two channels. It does not survive
composition.

Proposition 9.8 (The channels couple, and the coupling is the curvature). Write 𝔤 for the Lie
algebra of 𝐺 = 𝐺(Ω𝐽 ). Since Ω𝐽 is self-dual, 𝔤 is stable under 𝑋 ↦ −𝑋 ∗ for the trace form, and
splits as

𝔤 = 𝔨 ⊕ 𝔭, 𝔨 = 𝔞𝔲𝔱(𝐽 ) = Der(𝐽 ), 𝔭 = {𝑋 ∈ 𝔤 ∶ 𝑋 ∗ = 𝑋} ⊇ {𝐿𝑎 ∶ 𝑎 ∈ 𝐽 },

with [𝔭, 𝔭] ⊆ 𝔨; in particular [𝐿𝑎, 𝐿𝑏] ∈ Der(𝐽 ), and every derivation is such a sum [17, Ch. II,
Prop. VI.1.2]. Then:

(a) the polar section is the exponential of the radial directions, 𝑠exp𝐽 𝑎 = exp(𝐿𝑎), so 𝜅(𝑔, 𝑒) is the
orthogonal factor in the polar decomposition of 𝑔; moreover 𝜅(𝑘, 𝑥) = 𝑘 for 𝑘 ∈ Aut(𝐽 ) and
𝜅(exp(𝐿𝑎), 𝑒) = id, so a single radial move away from the base point produces no compact
factor at all;

(b) two of them do. Writing 𝑔𝑖 = 𝑃(𝑞1/2𝑖 ),

𝜅(𝑔1𝑔2, 𝐾) = 𝒰(𝑞1, 𝑆(𝑞2, 𝐾))𝒰(𝑞2, 𝐾),

in which the left factor is evaluated at the aggregate score 𝑆(𝑞2, 𝐾) = 𝑃(𝑞1/22 )𝐾 that the
second query has already moved the base point to, and not at 𝐾 ;

(c) the leading coupling is a bracket: for 𝑎, 𝑏 ∈ 𝐽 ,

𝜕2

𝜕𝑠 𝜕𝑡
|
𝑠=𝑡=0

𝜅(exp(𝑠𝐿𝑎) exp(𝑡𝐿𝑏), 𝑒) = 1
2[𝐿𝑎, 𝐿𝑏] ∈ Der(𝐽 ).
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Proof. Step 1 (the section is the Cartan section). Let 𝑎 = ∑𝑘 𝛼𝑘𝑐𝑘 . By [17, Lem. IV.2.2] the
operator 𝑃(∑𝑘 𝛽𝑘𝑐𝑘) acts on ℝ𝑐𝑘 by 𝛽2𝑘 and on 𝐽𝑖𝑗 by 𝛽𝑖𝛽𝑗 , while by [17, Thm. IV.2.1] 𝐿𝑎 acts on
ℝ𝑐𝑘 by 𝛼𝑘 and on 𝐽𝑖𝑗 by 1/2(𝛼𝑖 + 𝛼𝑗). Taking 𝛽𝑘 = 𝑒𝛼𝑘/2, both 𝑃(exp𝐽 (𝑎/2)) and exp(𝐿𝑎) act by
𝑒𝛼𝑘 on ℝ𝑐𝑘 and by 𝑒(𝛼𝑖+𝛼𝑗)/2 on 𝐽𝑖𝑗 , so they agree on every Peirce block and hence on 𝐽 ; and
𝑠exp𝐽 𝑎 = 𝑃((exp𝐽 𝑎)

1/2) = 𝑃(exp𝐽 (𝑎/2)). As 𝑠𝑒 = id we get 𝜅(𝑔, 𝑒) = 𝑠−1𝑔𝑒 𝑔, in which 𝑠𝑔𝑒 is
positive definite self-adjoint and 𝜅(𝑔, 𝑒) ∈ Aut(𝐽 ) is orthogonal by Theorem 9.2: that is the polar
decomposition of 𝑔, which is unique. For 𝑘 ∈ Aut(𝐽 ), 𝑃(𝑘𝑎) = 𝑘𝑃(𝑎)𝑘−1 and 𝑘(𝑥1/2) = (𝑘𝑥)1/2
give 𝑠𝑘𝑥 = 𝑘𝑠𝑥𝑘−1, whence 𝜅(𝑘, 𝑥) = (𝑘𝑠𝑥𝑘−1)−1𝑘𝑠𝑥 = 𝑘. Finally exp(𝐿𝑎)𝑒 = 𝑃(exp𝐽 (𝑎/2))𝑒 =
exp𝐽 𝑎, so 𝜅(exp(𝐿𝑎), 𝑒) = 𝑠−1exp𝐽 𝑎 exp(𝐿𝑎) = id.

Step 2 (chaining). The cocycle identity of Theorem 9.2 at 𝑥 = 𝐾 reads

𝜅(𝑔1𝑔2, 𝐾) = 𝜅(𝑔1, 𝑔2𝐾) 𝜅(𝑔2, 𝐾).

Now 𝑔2𝐾 = 𝑆(𝑞2, 𝐾), and 𝜅(𝑃(𝑞1/2), 𝑦) = 𝒰(𝑞, 𝑦) for every 𝑦 ∈ Ω𝐽 , again by Theorem 9.2.

Step 3 (the bracket). By Step 1, 𝜅( ⋅ , 𝑒) is the Aut(𝐽 )-component in the decomposition 𝐺 =
exp(𝔭)Aut(𝐽 ), which is the polar decomposition. Each 𝐿𝑎 is self-adjoint for the trace form
and each derivation is skew, so 𝐿𝑎, 𝐿𝑏 ∈ 𝔭 and [𝐿𝑎, 𝐿𝑏] ∈ 𝔨. Baker–Campbell–Hausdorff gives
exp(𝑠𝐿𝑎) exp(𝑡𝐿𝑏) = exp(𝑍) with 𝑍 = 𝑠𝐿𝑎 + 𝑡𝐿𝑏 + 1/2𝑠𝑡[𝐿𝑎, 𝐿𝑏] +𝑂(3), where 𝑂(3) collects terms of
total degree at least three in (𝑠, 𝑡). Splitting 𝑍 = 𝑍𝔭+𝑍𝔨 along 𝔤 = 𝔨⊕𝔭 puts 𝑍𝔭 = 𝑠𝐿𝑎+𝑡𝐿𝑏+𝑂(3)
and 𝑍𝔨 = 1/2𝑠𝑡[𝐿𝑎, 𝐿𝑏] + 𝑂(3). Since exp(𝑍𝔭 + 𝑍𝔨) = exp(𝑍𝔭) exp(𝑍𝔨) exp(−1/2[𝑍𝔭, 𝑍𝔨] + ⋯) and
[𝑍𝔭, 𝑍𝔨] = 𝑂(3), the Aut(𝐽 )-component is exp(𝑍𝔨) modulo terms of total degree at least three.
Applying 𝜕𝑠𝜕𝑡 at the origin annihilates all of those and leaves 1/2[𝐿𝑎, 𝐿𝑏].

The bracket in (c) is the curvature datum of Ω𝐽 as a Riemannian symmetric space for the
invariant metric of Remark 2.1: in the standard normalization the curvature operator of 𝐺/𝐾 at
the base point is 𝑅(𝑋 , 𝑌 ) = − ad[𝑋 , 𝑌 ] on 𝔭 [21, Ch. IV, §4]. So the radial and compact registers
of Proposition 9.5 are independent only to first order. At second order the radial channel feeds
the compact one, and the rate at which it does so is the curvature of the cone. Lemma 9.10
is the same bracket seen from the other side: its answer 4[𝐿𝑧 , 𝐿𝑐𝑖] is a commutator of two
multiplication operators, which is what [𝔭, 𝔭] ⊆ 𝔨 makes available and the only thing it makes
available.

9.5 the jordan instrument and its adjoint

Effects pair with states to give numbers. To act on carrier-valued data they need the Jordan
form of a Lüders operation [28], assembled over the whole effect family rather than one outcome
at a time.

Proposition 9.9 (The Jordan instrument and its adjoint). Let 𝐸1, … , 𝐸𝑚 ∈ Ω𝐽 with ∑𝑗 𝐸𝑗 = 𝑒.
Give 𝐽⊕𝑚 the componentwise Jordan product, the componentwise cone, the unit (𝑒, … , 𝑒), and
the total trace

Tr⊕(𝑉1, … , 𝑉𝑚) = ∑
𝑗
tr𝐽 𝑉𝑗 ,
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and define the direct-sum Jordan instrument

ℑ𝐸 ∶ 𝐽 ⟶ 𝐽⊕𝑚, ℑ𝐸(𝑉 ) = (𝑃(𝐸1/21 )𝑉 , … , 𝑃(𝐸1/2𝑚 )𝑉 ). (28)

Then:

(a) ℑ𝐸 is positive and trace-preserving, Tr⊕ ℑ𝐸(𝑉 ) = tr𝐽 𝑉 ;

(b) its adjoint for the two trace forms is ℑ∗
𝐸(𝑉1, … , 𝑉𝑚) = ∑𝑗 𝑃(𝐸

1/2
𝑗 )𝑉𝑗 ;

(c) ℑ∗
𝐸 is positive and unital, ℑ∗

𝐸(𝑒, … , 𝑒) = 𝑒;
(d) the common-value channel 𝑇𝐸(𝑉 ) = ℑ∗

𝐸(𝑉 , … , 𝑉 ) is positive, unital and trace-preserving;
(e) the heterogeneous output ℑ∗

𝐸(𝑉1, … , 𝑉𝑚) lies in Ω𝐽 whenever every 𝑉𝑗 ∈ Ω𝐽 .

The whole construction is Aut(𝐽 )-equivariant, through 𝑔𝑃(𝑎)𝑔−1 = 𝑃(𝑔𝑎) and 𝑔(𝑎1/2) = (𝑔𝑎)1/2.
For 𝐽 = ℝ the adjoint is the ordinary scalar weighted sum ∑𝑗 𝐸𝑗𝑉𝑗 , and for 𝐽 ≅ ℝ𝑟 the compo-
nentwise ∑𝑗 𝐸𝑗 ∘ 𝑉𝑗 .

Proof. 𝑃(𝑎) preserves Ω𝐽 for 𝑎 ∈ Ω𝐽 [17, Prop. III.2.2], which gives the positivity in (a) and,
with convexity of the cone, (e); part (c) then follows from 𝑃(𝐸1/2𝑗 )𝑒 = 𝐸𝑗 and ∑𝑗 𝐸𝑗 = 𝑒. Each 𝑃(𝑎)
is self-adjoint for the trace form, so

Tr⊕ ℑ𝐸(𝑉 ) = ∑
𝑗
⟨𝑒, 𝑃(𝐸1/2𝑗 )𝑉 ⟩ = ∑

𝑗
⟨𝑃(𝐸1/2𝑗 )𝑒, 𝑉 ⟩ = ∑

𝑗
⟨𝐸𝑗 , 𝑉 ⟩ = ⟨𝑒, 𝑉 ⟩ = tr𝐽 𝑉 ,

which is (a), and the same self-adjointness gives

⟨ℑ𝐸(𝑉 ), (𝑊1, … ,𝑊𝑚)⟩⊕ = ∑
𝑗
⟨𝑃(𝐸1/2𝑗 )𝑉 , 𝑊𝑗⟩ = ⟨𝑉 , ∑

𝑗
𝑃(𝐸1/2𝑗 )𝑊𝑗⟩,

which is (b). Part (d) combines (c), (e) and the displayed trace computation read on the constant
tuple. Equivariance is 𝑔𝑃(𝑎)𝑔−1 = 𝑃(𝑔𝑎) with 𝑔(𝐸1/2) = (𝑔𝐸)1/2. In ℝ, 𝑃(𝑡)𝑥 = 𝑡2𝑥 , so
𝑃(𝐸1/2𝑗 )𝑉𝑗 = 𝐸𝑗𝑉𝑗 ; in ℝ𝑟 the same holds coordinatewise.

Each property belongs to one map in particular. A single operation 𝑉 ↦ 𝑃(𝐸1/2𝑗 )𝑉 is positive
but in general neither unital nor trace-preserving; the instrument ℑ𝐸 is positive and trace-
preserving; its adjoint ℑ∗

𝐸 is positive and unital in the direct-sum sense; and the common-value
channel 𝑇𝐸 is the one map that is all three at once. Values outside the closed cone are handled
by the canonical positive encoding of Section A, which routes the Jordan positive and negative
parts through the doubled carrier.

An effect family fixes the outcome probabilities ⟨𝐸𝑗 , 𝑝⟩ but not the state-update rule, and
many positive maps reproduce the same probabilities. Equation (28) is the canonical Jordan
Lüders choice: it is built from the 𝐸𝑗 alone through the quadratic representation, and is therefore
Aut(𝐽 )-equivariant and self-adjoint in each component. It is not the only instrument compatible
with a given effect family.
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9.6 the transporter as a peirce-edge filter

The remaining subsections read the transporter through progressively more faithful readouts.
Table 2 previews the outcome; Table 4 at the end of the section states it precisely.

readout what it sees of the frame

individual spectra nothing
scalar overlaps zero first variation; full second-order sensitivity

at simple probe spectrum
effect frame, spectral code the frame tangent, filtered by key contrast
transported Peirce projections blockwise positive kernels; the total frame

kernel degenerates exactly on ker𝒜𝐾

Table 2. Preview of the readout hierarchy developed in Sections 9.6, 9.8 and 9.9.

The four steps now compose into a single construction,

𝐴𝑖𝑗 = 𝑃(𝑞1/2𝑖 )𝑘𝑗 , 𝑆𝑖 = ∑
𝑗
𝐴𝑖𝑗 , 𝐸𝑖𝑗 = 𝑃(𝑆−1/2𝑖 )𝐴𝑖𝑗 , 𝑂𝑖 = ∑

𝑗
𝑃(𝐸1/2𝑖𝑗 )𝑉𝑗 , (29)

normalized by Proposition 9.1, equivariant throughout, and defined without reference to any
externally supplied frame. What varies with the query is the transporter, so we treat the
transporter first and choose a representation and a readout only afterwards.

Two hypotheses are in play in this subsection, and they are not the same hypothesis. The
first constrains the key family only through its aggregate: fix 𝑘1, … , 𝑘𝑚 ∈ Ω𝐽 with 𝑚 arbitrary,
whose total

𝐾 =
𝑚
∑
𝑗=1

𝑘𝑗 =
𝑟
∑
𝑖=1

𝜅𝑖𝑐𝑖 ∈ Ω𝐽 , 𝜅𝑖 > 0, (30)

is written in a Jordan frame (𝑐𝑖) diagonalizing it; and write 𝒜𝐾 (ℎ) = 𝐷𝑞𝒰(𝑒, 𝐾)[ℎ] for the
differential of the transporter at 𝑞 = 𝑒. The second hypothesis aligns the individual keys with
that frame,

𝑚 = 𝑟, 𝑘𝑖 = 𝜅𝑖𝑐𝑖, so that 𝐸𝑖 = 𝑃(𝐾−1/2)𝑘𝑖 = 𝑐𝑖, (31)
and it is a genuine restriction rather than a normalization: an attention row has 𝑚 ≫ 𝑟 and no
reason for its keys to be rank one. Everything up to and including Proposition 9.12 uses only
(30), because by Theorem 9.2 the transporter depends on the key family solely through 𝐾 . The
alignment (31) is first needed in Proposition 9.13(a), where the normalized effects are identified
with the transported frame itself, and it is dropped again in Section 9.9.

The one calculation on which all of the above depends is the derivative of the transporter
along a single Peirce block. It uses (30) only. We isolate it before using it.

Lemma 9.10 (Rank-two polar derivative). Let 𝐾 = ∑𝑘 𝜅𝑘𝑐𝑘 ∈ Ω𝐽 with 𝜅𝑘 > 0, put 𝑢𝑘 = √𝜅𝑘 , fix
𝑖 < 𝑗 and ℎ ∈ 𝐽𝑖𝑗 , and set 𝑞(𝑡) = exp𝐽 (𝑡ℎ) and 𝒰(𝑡) ∶= 𝒰(𝑞(𝑡), 𝐾). Then

𝒰̇(0) = 4[𝐿𝑧 , 𝐿𝑐𝑖], 𝑧 =
𝑢𝑖 − 𝑢𝑗

2(𝑢𝑖 + 𝑢𝑗)
ℎ.
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Proof. Step 1 (the congruence factor). 𝑞(𝑡) = 𝑒 + 𝑡ℎ + 𝑂(𝑡2), so 𝑞(𝑡)1/2 = 𝑒 + 𝑡/2ℎ + 𝑂(𝑡2). For
𝑎 = 𝑒 + 𝑠𝑢 one has 𝐿𝑎 = id+ 𝑠𝐿𝑢 and 𝑎∘2 = 𝑒 + 2𝑠𝑢 +𝑂(𝑠2), so 𝑃(𝑎) = 2𝐿2𝑎 −𝐿𝑎∘2 = id+ 2𝑠𝐿𝑢 +𝑂(𝑠2).
With 𝑢 = ℎ/2, 𝑠 = 𝑡 ,

𝑃(𝑞(𝑡)1/2) = id + 𝑡 𝐿ℎ + 𝑂(𝑡2).

Step 2 (the normalizer). By the Peirce relations 𝑐𝑘 ∘ ℎ = 0 for 𝑘 ≠ 𝑖, 𝑗 and 𝑐𝑖 ∘ ℎ = 𝑐𝑗 ∘ ℎ = 1/2ℎ, so
ℎ ∘ 𝐾 = 𝜎ℎ with 𝜎 = 1/2(𝜅𝑖 + 𝜅𝑗). Hence 𝑆(𝑡) = 𝑃(𝑞(𝑡)1/2)𝐾 = 𝐾 + 𝑡𝜎ℎ + 𝑂(𝑡2). The derivative of a
spectral function at 𝐾 in a direction lying in 𝐽𝑖𝑗 is that direction times the divided difference of
the function at 𝜅𝑖, 𝜅𝑗 — this is Step 2 of Theorem 7.10 applied to 𝑠 ↦ 𝑠−1/2 — so

𝑑
𝑑𝑡
|
0
𝑆(𝑡)−1/2 = 𝜎

𝜅−1/2𝑖 − 𝜅−1/2𝑗

𝜅𝑖 − 𝜅𝑗
ℎ = −𝜌 ℎ, 𝜌 =

𝜅𝑖 + 𝜅𝑗
2 𝑢𝑖𝑢𝑗 (𝑢𝑖 + 𝑢𝑗)

,

using 𝜅−1/2𝑖 − 𝜅−1/2𝑗 = (𝑢𝑗 − 𝑢𝑖)/(𝑢𝑖𝑢𝑗) and 𝜅𝑖 − 𝜅𝑗 = (𝑢𝑖 − 𝑢𝑗)(𝑢𝑖 + 𝑢𝑗).

Step 3 (the product rule). Since 𝑃(𝑎) = 2𝐿2𝑎−𝐿𝑎∘2 , the polarization 𝑃(𝑎, 𝑏) = 𝐿𝑎𝐿𝑏+𝐿𝑏𝐿𝑎−𝐿𝑎∘𝑏 sat-
isfies 𝑑

𝑑𝑡 𝑃(𝑎(𝑡)) = 2𝑃(𝑎, ̇𝑎). At 𝑡 = 0 we have 𝑞(0) = 𝑒 and 𝑆(0) = 𝐾 , so 𝒰(0) = 𝑃(𝐾−1/2)𝑃(𝐾1/2) =
id, and

𝒰̇(0) = −2𝜌 𝑃(𝐾−1/2, ℎ)𝑃(𝐾1/2) + 𝑃(𝐾−1/2)𝐿ℎ 𝑃(𝐾1/2). (32)

Step 4 (evaluate on the frame). 𝑃(𝐾±1/2) acts on ℝ𝑐𝑘 by 𝑢±2𝑘 and on 𝐽𝑘𝑙 by (𝑢𝑘𝑢𝑙)±1. For 𝑛 ≠ 𝑖, 𝑗:
𝐿ℎ𝑐𝑛 = ℎ ∘ 𝑐𝑛 = 0 and 𝐿𝐾−1/2𝑐𝑛 = 𝑢−1𝑛 𝑐𝑛, so both terms of (32) annihilate 𝑐𝑛. For 𝑐𝑖, the second
term gives 𝑢2𝑖 𝑃(𝐾−1/2)(1/2ℎ) = 𝑢𝑖

2𝑢𝑗
ℎ, while

𝑃(𝐾−1/2, ℎ)𝑐𝑖 =
𝑢−1𝑖 +𝑢−1𝑗

4 ℎ + 1
2𝑢𝑖

ℎ −
𝑢−1𝑖 +𝑢−1𝑗

4 ℎ = 1
2𝑢𝑖

ℎ,

so the first term gives −2𝜌𝑢2𝑖 ⋅
1
2𝑢𝑖

ℎ = −𝜌𝑢𝑖ℎ. Adding,

𝒰̇(0)𝑐𝑖 =
𝑢𝑖
2𝑢𝑗

(1 −
𝑢2𝑖 + 𝑢2𝑗

𝑢𝑖(𝑢𝑖 + 𝑢𝑗)
)ℎ =

𝑢𝑖 − 𝑢𝑗
2(𝑢𝑖 + 𝑢𝑗)

ℎ = 𝑧,

and by the symmetry 𝑖 ↔ 𝑗 (which fixes 𝜌 and ℎ), 𝒰̇(0)𝑐𝑗 = −𝑧. These are exactly the values of
𝐷𝑧 ∶= 4[𝐿𝑧 , 𝐿𝑐𝑖] on the frame, by (13).

Step 5 (agreeing on the frame is enough here). 𝒰̇(0) is the derivative at the identity of a curve
in Aut(𝐽 ), hence a derivation, and so is 𝐷𝑧 ; put Δ = 𝒰̇(0) − 𝐷𝑧 . A derivation killing every
𝑐𝑘 preserves every Peirce block: for 𝑥 ∈ 𝐽𝑘𝑙 , 𝑐𝑘 ∘ Δ𝑥 = Δ(𝑐𝑘 ∘ 𝑥) = 1/2Δ𝑥 , likewise for 𝑐𝑙 , and
𝑐𝑛 ∘ Δ𝑥 = 0 otherwise. On the other hand 𝐿ℎ and 𝐿𝐾−1/2∘ℎ are multiplications by elements of 𝐽𝑖𝑗 ,
so by the Peirce multiplication rules they carry each block into a different block; conjugating by
the block-diagonal 𝑃(𝐾±1/2) preserves that property, so both terms of (32) — and likewise 𝐷𝑧 —
have zero block-diagonal part. Hence Δ both preserves and shifts blocks, so Δ = 0.
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Theorem 9.11 — The polar transporter is a spectral contrast filter on the frame tangent

For any key family with aggregate (30), and for ℎ = ∑𝑖<𝑗 ℎ𝑖𝑗 with ℎ𝑖𝑗 ∈ 𝐽𝑖𝑗 ,

𝒜𝐾 (ℎ) = ∑
𝑖<𝑗

4[𝐿𝑧𝑖𝑗 , 𝐿𝑐𝑖] ∈ 𝔞𝔲𝔱(𝐽 ), 𝑧𝑖𝑗 =
√𝜅𝑖 − √𝜅𝑗

2(√𝜅𝑖 + √𝜅𝑗)
ℎ𝑖𝑗 = 1

2 tanh(
log 𝜅𝑖−log 𝜅𝑗

4 )ℎ𝑖𝑗 (33)

and
ker𝒜𝐾 = ⨁

𝜅𝑖=𝜅𝑗
𝐽𝑖𝑗 , rank𝒜𝐾 = ∑

𝑖<𝑗
𝜅𝑖≠𝜅𝑗

𝑑𝑖𝑗 . (34)

In particular, if the 𝜅𝑖 are pairwise distinct then ℎ ↦ 𝒜𝐾 (ℎ) is injective on the whole frame
tangent ⨁𝑖<𝑗 𝐽𝑖𝑗 ≅ 𝑇𝑐𝔉𝐽 . For 𝐽 = 𝐻3(𝕆) this is an injection of the full 24-dimensional Albert
frame tangent into 𝔣4.
Equivalently, 𝒜𝐾 factors as

𝒜𝐾 = 𝜄𝑐 ∘ 𝑀𝐾 , (35)
where

𝜄𝑐 ∶ ⨁
𝑖<𝑗

𝐽𝑖𝑗 ⟶ Der(𝐽 ), 𝜄𝑐(𝑧) = ∑
𝑖<𝑗

4[𝐿𝑧𝑖𝑗 , 𝐿𝑐𝑖],

is the canonical frame-determined, aggregate-key-independent injection of frame velocities into
derivations — natural under frame transport, in the sense that 𝜄𝑔𝑐(𝑔𝑧) = 𝑔 𝜄𝑐(𝑧) 𝑔−1 for every
𝑔 ∈ Aut(𝐽 ) — and 𝑀𝐾 is the diagonal spectral contrast filter

𝑀𝐾 |𝐽𝑖𝑗 = 𝛼𝑖𝑗(𝐾) id𝐽𝑖𝑗 , 𝛼𝑖𝑗(𝐾) =
√𝜅𝑖 − √𝜅𝑗

2(√𝜅𝑖 + √𝜅𝑗)
= 1

2 tanh(
log 𝜅𝑖−log 𝜅𝑗

4 ).

Thus |𝛼𝑖𝑗(𝐾)| < 1/2 for every key, and near a spectral collision

𝛼𝑖𝑗(𝐾) = 1
8(log 𝜅𝑖 − log 𝜅𝑗) + 𝑂((log 𝜅𝑖 − log 𝜅𝑗)3).

Proof. Formula (33) is Lemma 9.10 summed over blocks: the map ℎ ↦ 𝐷𝑞𝒰(𝑒, 𝐾)[ℎ] is a
differential, hence linear in ℎ, so the one-block formula adds. The hyperbolic form is the identity

𝑢𝑖 − 𝑢𝑗
2(𝑢𝑖 + 𝑢𝑗)

= 𝑒(log 𝜅𝑖)/2 − 𝑒(log 𝜅𝑗)/2

2(𝑒(log 𝜅𝑖)/2 + 𝑒(log 𝜅𝑗)/2)
= 1

2 tanh(
log 𝜅𝑖−log 𝜅𝑗

4 ), 𝑢𝑘 = √𝜅𝑘 ,

obtained by factoring 𝑒(log 𝜅𝑖+log 𝜅𝑗)/4 out of numerator and denominator.
For the kernel, evaluate on the frame. By (13) the summand 4[𝐿𝑧𝑖𝑗 , 𝐿𝑐𝑖] sends 𝑐𝑖 ↦ 𝑧𝑖𝑗 ,

𝑐𝑗 ↦ −𝑧𝑖𝑗 and kills the other frame members, so

𝒜𝐾 (ℎ) 𝑐𝑘 = ∑
𝑗>𝑘

𝑧𝑘𝑗 − ∑
𝑖<𝑘

𝑧𝑖𝑘 . (36)

The summands on the right lie in the pairwise distinct Peirce blocks 𝐽𝑘ℓ, ℓ ≠ 𝑘, which are
mutually orthogonal. Hence 𝒜𝐾 (ℎ) = 0 forces 𝒜𝐾 (ℎ)𝑐𝑘 = 0 for every 𝑘, and projecting (36) onto
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𝐽𝑘ℓ forces every 𝑧𝑘ℓ = 0. Since 𝜅𝑖 ≠ 𝜅𝑗 makes 𝑢𝑖 ≠ 𝑢𝑗 and hence the coefficient in (33) nonzero,
𝑧𝑖𝑗 = 0 gives ℎ𝑖𝑗 = 0 on exactly those blocks; on blocks with 𝜅𝑖 = 𝜅𝑗 the coefficient vanishes
identically and ℎ𝑖𝑗 is unconstrained. That is (34), and the rank count follows because the blocks
are orthogonal. Finally 𝒜𝐾 (ℎ) is a sum of inner derivations, hence lies in 𝔞𝔲𝔱(𝐽 ) = Der(𝐽 ),
which is 𝔣4 for 𝐻3(𝕆) by Corollary 7.2.

The factorization makes the theorem almost self-proving: 𝜄𝑐 is a fixed injection determined
by the frame alone, 𝑀𝐾 is a scalar gain on each Peirce edge, the kernel is the sum of the edges
on which the aggregate key exhibits no contrast, and the rank is the sum of the surviving
edge dimensions. The gain is an odd sigmoidal function of the log-eigenvalue gap, saturating
in magnitude at 1/2 and vanishing linearly at coincidence; in terms of the standard logistic
𝜎(𝑡) = (1 + 𝑒−𝑡)−1,

𝛼𝑖𝑗(𝐾) = 𝜎(
log 𝜅𝑖−log 𝜅𝑗

2 ) − 1
2 .

That same edge indexing runs through the whole paper. Table 3 collects the scalar each
construction places on 𝐽𝑖𝑗 .

role coefficient or block contribution degree

Gibbs Hessian (Theorem 7.10) block multiplier ℒ(𝑤𝑖, 𝑤𝑗) 1
Jacobian and Monge–Ampère source
(Corollary 7.12, Corollary 7.13)

determinant contribution ℒ(𝑤𝑖, 𝑤𝑗)𝑑𝑖𝑗 𝑑𝑖𝑗

transporter differential
(Theorem 9.11)

block multiplier 𝛼𝑖𝑗(𝐾) 0

spectral-code readout (Corollary 9.14) block multiplier (𝑎𝑖 − 𝑎𝑗) 𝛼𝑖𝑗(𝐾) 0
relative-overlap curvature
(Proposition 9.21)

curvature coefficient −(𝜇𝑖 − 𝜇𝑗)2, contribution
−(𝜇𝑖 − 𝜇𝑗)2‖𝑧𝑖𝑗‖2

2

Table 3. The Peirce edge calculus. The principal differential, determinant, readout and curvature
formulas that resolve frame directions share the same indexing by the edges 𝑖 < 𝑗 of a Jordan frame;
the block dimension 𝑑𝑖𝑗 enters only as a multiplicity. The last column is the degree of homogeneity of
the coefficient in the pair of positive numbers it reads off the edge — the Gibbs weights (𝑤𝑖, 𝑤𝑗), the
aggregate-key eigenvalues (𝜅𝑖, 𝜅𝑗), the probe weights (𝜇𝑖, 𝜇𝑗) — and Remark 9.1 says why the transporter
rows are the ones with degree zero. For 𝐻3(𝕆) there are three edges, each of dimension eight, permuted by
triality.

Remark 9.1 (One edge calculus, graded by scale). The rows of Table 3 are not five unrelated
coefficients. Each is a function of the two positive numbers sitting at the ends of the edge, and
they differ by how that function responds to a common rescaling of the pair.

Write 𝛿 = log 𝑢−log 𝑣 for the logarithmic gap of a positive pair. The chart’s coefficient factors
as a geometric mean times a shape function of the gap,

ℒ(𝑢, 𝑣) = √𝑢𝑣
sinh(𝛿/2)

𝛿/2
, (37)
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obtained by factoring 𝑒(log 𝑢+log 𝑣)/2 out of numerator and denominator of (𝑢 − 𝑣)/𝛿 . The second
factor is even in 𝛿 , equals 1 at coincidence, and increases in |𝛿 |, which is the inequality ℒ ≥ √𝑢𝑣
read off the formula. The transporter’s coefficient is the shape alone,

𝛼𝑖𝑗(𝐾) = 1
2 tanh(𝛿𝜅/4), 𝛿𝜅 = log 𝜅𝑖 − log 𝜅𝑗 ,

with no mean in front of it. So ℒ is homogeneous of degree one and 𝛼𝑖𝑗 of degree zero, which is
the last column of the table.

The degrees are not a coincidence between two formulas. By Proposition 9.7 the transporter
cannot see the size of anything, 𝒰(𝜇𝑞, 𝜆𝐾) = 𝒰(𝑞, 𝐾), so every quantity built from 𝒰 alone
is a function of log-gaps and of nothing else; 𝛼𝑖𝑗 had no choice. The chart, by contrast, is the
gradient of a potential, and Corollary 7.11 is a metric on a state space that has a size. The last
row reads a probe state rather than a key: its coefficient −(𝜇𝑖 − 𝜇𝑗)2 is a squared difference
rather than a gap, homogeneous of degree two, because Proposition 9.21 measures a chord in 𝐽
and not a spectral ratio.
Remark 9.2 (The logit row is itself a chart). Everything above concerns the carrier 𝐽 that the
values live in. The row of logits has a carrier too, and it is one this paper has already classified,
so a single attention head contains two instances of the construction at once. It is worth saying
which is which, because they are independent axes and neither asks anything of the other.

Fix a query and let the row range over 𝐿 keys. By Theorem 4.1 the row softmax is the Gibbs
chart of the simplicial carrier ℝ𝐿: the one-hot key selectors are its unique unordered Jordan
frame, so the rank equals the number of keys, and the trace-one slice is the attention simplex
Δ∘
𝐿−1. A head therefore normalizes twice on different carriers — once in ℝ𝐿 on the logit side,

once in 𝐽 on the value side by Proposition 9.1 — and the generalization pursued in this paper is
the second. Nothing in Section 9 asks the logit row to become non-simplicial.

That identification is what makes the shift-invariance quotient available on the logit side.
Consider an additive bias of coboundary type, 𝑏𝑖𝑗 = 𝜑𝑖 − 𝜓𝑗 , a query term minus a key term.
Within the row indexed by 𝑖 the query term is constant in 𝑗, hence is 𝜑𝑖𝟏 in ℝ𝐿, hence is invisible
by Corollary 4.2; the key term survives as the class of −𝜓 in ℝ𝐿/ℝ𝟏, nonzero exactly when 𝜓 is
nonconstant. So such a bias reduces to an absolute key prior rather than to nothing, and the
reduction is not a property of the exponential: by Theorem 5.1, shift invariance already forces
the Gibbs form among separable spectral normalizers of rank at least two, so sorting additive
bias schemes by what survives is a statement about maps into 𝐽/ℝ𝑒 and not about the choice
of squashing function. The rank hypothesis is the condition 𝐿 ≥ 2, and Remark 5.1 is why it
cannot be dropped.

The edge function of Remark 9.1 has a matching reading on that side. For every 𝑘,

𝑑
𝑑𝑢

[−𝑘 log(2 cosh(𝑢/2))] = −𝑘
2 tanh(𝑢/2), (38)

so the one-parameter family of profiles (2 cosh(𝑢/2))−𝑘 has logarithmic derivatives that are
tanh contrasts of gain 𝑘/2, with a minus sign because the profiles decay. The transporter’s
filter is the member of gain 1/2, read at 𝑢 = 𝛿𝜅/2, with that sign reversed:

𝛼𝑖𝑗(𝐾) = − 𝑑
𝑑𝑢

[− log(2 cosh(𝑢/2))]
𝑢=𝛿𝜅/2

= 1
2 tanh(𝛿𝜅/4).
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Equivalently, 𝛼𝑖𝑗 is the logarithmic derivative of the growing profile 2 cosh(𝑢/2), the case
𝑘 = −1 of the family, read at the same point. Differentiating once more in 𝛿𝜅 gives 𝑑𝛼𝑖𝑗/𝑑𝛿𝜅 =
1/8 sech2(𝛿𝜅/4), which recovers the linearization 𝛼𝑖𝑗(𝐾) = 1/8(log 𝜅𝑖 − log 𝜅𝑗) + 𝑂(𝛿3𝜅 ) already
recorded in Theorem 9.11, the cubic coefficient being −1/384. What is shared with a positional
profile is the family and the fact that both arguments are gaps on a logarithmic scale; the
weight 𝑘 is a free parameter in it, and 𝛼𝑖𝑗 fixes it at 𝑘 = 1, up to the sign recorded above. No
numerical coincidence beyond that is claimed here.

Theorem 9.11 is intrinsic to the transporter and depends only on the aggregate key 𝐾 : no
hypothesis on the individual 𝑘𝑗 beyond (30) enters its statement or its proof, and in particular
𝑚 may exceed 𝑟 by any amount. Representation-dependent visibility is treated next.

Proposition 9.12 (Representation-valued routing). Let 𝜌 ∶ Aut(𝐽 ) → 𝐺𝐿(𝑊 ) be a smooth
finite-dimensional representation, let 𝑣 ∈ 𝑊 , and put 𝑂𝜌,𝑣 (𝑞) = 𝜌(𝒰(𝑞, 𝐾))𝑣 . Then

𝐷𝑂𝜌,𝑣 (𝑒)[ℎ] = 𝑑𝜌(𝒜𝐾 (ℎ))𝑣 ,

so
ker 𝐷𝑂𝜌,𝑣 (𝑒) = 𝒜−1

𝐾 (𝔰𝔱𝔞𝔟𝜌(𝑣)), 𝔰𝔱𝔞𝔟𝜌(𝑣) = {𝑋 ∈ 𝔞𝔲𝔱(𝐽 ) ∶ 𝑑𝜌(𝑋)𝑣 = 0}. (39)

Proof. 𝒰(𝑒, 𝐾) = id and 𝜌 is smooth, so the chain rule along 𝑞(𝑡) = exp𝐽 (𝑡ℎ) gives 𝐷𝑂𝜌,𝑣 (𝑒)[ℎ] =
𝑑𝜌(𝒜𝐾 (ℎ))𝑣 ; the kernel description is immediate.

Equation (39) separates three questions that a single-vector statement conflates: which
frame transformations the keys produce (Theorem 9.11), which the representation detects, and
which the probe 𝑣 detects. Three choices of 𝜌 are worth recording.

Proposition 9.13 (The effect frame and the traceless module). With the aligned keys (31) in
part (a), and any key family with aggregate (30) in part (b):

(a) Each 𝐸𝑖(𝑞) = 𝒰(𝑞, 𝐾)𝑐𝑖 is a primitive idempotent and 𝐸•(𝑞) = (𝐸1(𝑞), … , 𝐸𝑟 (𝑞)) is an ordered
Jordan frame, so the normalized effect tuple is a transported frame, 𝐸• ∶ Ω𝐽 → 𝔉𝐽 . Its
differential is 𝐷𝐸•(𝑒)[ℎ]𝑖 = 𝒜𝐾 (ℎ)𝑐𝑖 as in (36), and

rank𝐷𝐸•(𝑒) = ∑
𝑖<𝑗
𝜅𝑖≠𝜅𝑗

𝑑𝑖𝑗 ,

which for pairwise distinct 𝜅𝑖 is the entire frame tangent. Every 𝐸𝑖(𝑞) lies in Ω𝐽 and
∑𝑖 𝐸𝑖(𝑞) = 𝑒.

(b) The representation 𝜌0(𝒰) = 𝒰|𝐽0 on 𝐽0 = ker tr𝐽 is faithful and orthogonal, so 𝑅(𝑞) =
𝒰(𝑞, 𝐾)|𝐽0 ∈ 𝑂(𝐽0) satisfies ker 𝐷𝑅(𝑒) = ker𝒜𝐾 . For 𝐻3(𝕆) this represents the transporter
faithfully on the 26-dimensional traceless Albert module, and detects all 24 frame directions
whenever the 𝜅𝑖 are distinct.

Proof. (a) 𝑃(𝐾−1/2) acts on ℝ𝑐𝑖 by 𝜅−1𝑖 , so 𝐸𝑖 = 𝑐𝑖 and 𝐸𝑖(𝑞) = 𝒰(𝑞, 𝐾)𝑐𝑖 by (25); an automorphism
carries a Jordan frame to a Jordan frame, and preserves the closed cone. Differentiating and
using (36), 𝐷𝐸•(𝑒)[ℎ] = 0 iff 𝒜𝐾 (ℎ)𝑐𝑖 = 0 for all 𝑖, which by the argument in Theorem 9.11 is
exactly ker𝒜𝐾 .
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(b) Every automorphism fixes 𝑒 and preserves the trace form, hence preserves 𝐽0 and acts
orthogonally on it; if it acts trivially on 𝐽0 then, fixing 𝑒, it is trivial on 𝐽 = ℝ𝑒 ⊕ 𝐽0, so 𝜌0 is
faithful. A derivation annihilates 𝑒, so 𝒜𝐾 (ℎ) = 0 if and only if 𝒜𝐾 (ℎ)|𝐽0 = 0.

Part (a) is a carrier-valued readout that is positive, normalized and endogenous, and that
reaches the whole frame tangent using the effect family alone. Introducing values changes the
rank, and the change is exactly computable.

Corollary 9.14 (Rank of a spectral-code readout). Take the keys (31) and central values 𝑉𝑖 = 𝑎𝑖𝑒
with 𝑎𝑖 ∈ ℝ. Then the construction (29) returns

𝑂(𝑞) = ∑
𝑖
𝑎𝑖𝐸𝑖(𝑞) = 𝒰(𝑞, 𝐾) 𝑣 , 𝑣 = ∑

𝑖
𝑎𝑖𝑐𝑖, (40)

whose differential at the identity query is 𝐷𝑂(𝑒)[ℎ] = ∑𝑖<𝑗(𝑎𝑖 − 𝑎𝑗)𝑧𝑖𝑗 , and therefore

rank𝐷𝑂(𝑒) = ∑
𝑖<𝑗

𝑎𝑖≠𝑎𝑗 , 𝜅𝑖≠𝜅𝑗

𝑑𝑖𝑗 . (41)

Put an edge 𝑖𝑗 in the key-contrast graph when 𝜅𝑖 ≠ 𝜅𝑗 and in the readout-contrast graph when
𝑎𝑖 ≠ 𝑎𝑗 . Then (41) says that the visible tangent is ⨁𝐽𝑖𝑗 over the edges present in both, block
by block; for 𝐻3(𝕆) every surviving edge contributes 8 dimensions. When the 𝑎𝑖 are pairwise
distinct, 𝑣 is a simple-spectrum code for the transported frame: the spectral idempotents of 𝒰𝑣
are then the 𝐸𝑖(𝑞), so the output determines the transported frame and loses nothing relative to
Proposition 9.13(a). The condition 𝑎𝑖 > 0 makes that code positive, 𝑣 ∈ Ω𝐽 and 𝑂(𝑞) ∈ Ω𝐽 . Thus
the 𝑎𝑖-conditions belong to the probe, whereas the intrinsic transporter rank is governed solely
by the aggregate key (Theorem 9.11). Since the corollary allows 𝑎𝑖 ∈ ℝ, the genericity statement
is that full-frame visibility is open and dense in (ℝ>0)𝑟 × ℝ𝑟 ; if a positive carrier-valued output
is additionally required, the positive simple-spectrum locus is open and dense in (ℝ>0)2𝑟 . In
both, the hypothesis on the keys is simple spectrum of the aggregate key 𝐾 = ∑𝑖 𝜅𝑖𝑐𝑖, whose
spectral coefficients the 𝜅𝑖 are; it is not a condition on the eigenvalues of the individual rank-one
keys separately.

Proof. 𝐸𝑖(𝑞) is idempotent, so 𝐸1/2𝑖 = 𝐸𝑖 and 𝑃(𝐸𝑖)𝑒 = 𝐸𝑖, giving 𝑃(𝐸𝑖(𝑞)1/2)(𝑎𝑖𝑒) = 𝑎𝑖𝐸𝑖(𝑞) and
hence (40) by linearity of 𝒰(𝑞, 𝐾). This is Proposition 9.12 with 𝜌 the natural action on 𝑊 = 𝐽
and probe 𝑣 ; applying 𝒜𝐾 (ℎ) to 𝑣 = ∑𝑖 𝑎𝑖𝑐𝑖 and using (36) gives 𝐷𝑂(𝑒)[ℎ] = ∑𝑖<𝑗(𝑎𝑖 − 𝑎𝑗)𝑧𝑖𝑗 ,
and the blocks being orthogonal, the rank is the sum of 𝑑𝑖𝑗 over the blocks whose coefficient
(𝑎𝑖 − 𝑎𝑗)(𝑢𝑖 − 𝑢𝑗)/2(𝑢𝑖 + 𝑢𝑗) is nonzero, which is (41). If the 𝑎𝑖 are distinct then 𝑣 has simple
spectrum with spectral idempotents 𝑐𝑖, so the spectral idempotents of 𝒰𝑣 are 𝒰𝑐𝑖 = 𝐸𝑖(𝑞). If all
𝑎𝑖 > 0 then 𝑣 ∈ Ω𝐽 and 𝒰(𝑞, 𝐾) ∈ Aut(𝐽 ) preserves Ω𝐽 . Finally, the conditions 𝜅𝑖 ≠ 𝜅𝑗 and 𝑎𝑖 ≠ 𝑎𝑗
for 𝑖 < 𝑗 each remove a finite union of proper linear subspaces, so their joint complement is
open and dense in (ℝ>0)𝑟 × ℝ𝑟 , and intersecting with 𝑎 ∈ (ℝ>0)𝑟 gives the second statement.

The representation-theoretic consequence of (40) is immediate, and it constrains the value
interface rather than the kernel.
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Remark 9.3 (Trivial-type confinement under scalar aggregation). Scalar aggregation cannot
leave the trivial isotypic component carried by a central value; the carrier-valued effect action
can. Concretely, if 𝑊 is an Aut(𝐽 )-module and 0 ≠ 𝑣0 ∈ 𝑊Aut(𝐽 ), then any value interface
forming only scalar-weighted combinations ∑𝑗 𝜋𝑗(𝑞, 𝑘)𝑉𝑗 of values 𝑉𝑗 = 𝑎𝑗𝑣0 has output in the line
ℝ𝑣0, whatever the 𝜋𝑗 . For 𝑊 = 𝐽 and 𝑣0 = 𝑒 this says that scalar aggregation of central values
stays in ℝ𝑒, whereas the spectral-code output 𝑂(𝑞) = 𝒰(𝑞, 𝐾)∑𝑖 𝑎𝑖𝑐𝑖 of (40) has a nonzero 𝐽0-
component whenever the 𝑎𝑖 are not all equal: an automorphism fixes 𝑒 and preserves 𝐽 = ℝ𝑒⊕𝐽0,
so 𝒰(𝑞, 𝐾)𝑣 ∈ ℝ𝑒 only if 𝑣 ∈ ℝ𝑒.

The synthesis map Φ𝑐 ∶ ℝ𝑟 → 𝐽 , Φ𝑐(𝑎) = ∑𝑖 𝑎𝑖𝑐𝑖, makes the split explicit. It is linear and
injective with Φ𝑐(𝟏) = 𝑒 and tr𝐽 Φ𝑐(𝑎) = ∑𝑖 𝑎𝑖, so under ℝ𝑟 = ℝ𝟏 ⊕ 𝟏⟂,

Φ𝑐(ℝ𝟏) = ℝ𝑒, Φ𝑐(𝟏⟂) = span(𝑐1, … , 𝑐𝑟 ) ∩ 𝐽0,

identifying the noncentral branch as the transported standard component of the coefficient
vector.
Remark 9.4 (What is endogenous). The frame (𝑐𝑖) is not supplied to the mechanism. Under
(30) it is a spectral frame of the aggregate key, intrinsic up to ordering when that spectrum is
simple; under (31) it is in addition the frame the individual keys point along. In both cases it
appears only in the proofs: the layer (29) reads 𝑘𝑗 , 𝑞𝑖, 𝑉𝑗 and nothing else.

9.7 exact additive moments for central -value routing

The normalizing operator depends on the key row only through the additive total

𝐾 = ∑
𝑗
𝑘𝑗 ∈ 𝐽 , 𝐾𝐵⊔𝐶 = 𝐾𝐵 + 𝐾𝐶 ,

a single element of 𝐽 with an exactly associative merge law: by Theorem 9.2 the factor 𝑃(𝑆−1/2)
is fixed by 𝐾 together with the query through 𝑆 = 𝑃(𝑞1/2)𝐾 , so the keys can be reduced once
and transformed per query. The individual effects 𝐸𝑗 still require the individual 𝑘𝑗 . For central
values, adjoining 𝑀 = ∑𝑗 𝑎𝑗𝑘𝑗 gives an exact sufficient pair for the full output.

Theorem 9.15 — Exact additive moments for central-value polar routing

Let 𝑘1, … , 𝑘𝑚 ∈ Ω𝐽 have aggregate 𝐾 = ∑𝑗 𝑘𝑗 ∈ Ω𝐽 , let 𝑎𝑗 ∈ ℝ, put 𝑉𝑗 = 𝑎𝑗𝑒, and set

𝑀 = ∑
𝑗
𝑎𝑗𝑘𝑗 ∈ 𝐽 .

For 𝑞 ∈ Ω𝐽 write 𝑆(𝑞) = 𝑃(𝑞1/2)𝐾 and 𝐸𝑗(𝑞) = 𝑃(𝑆(𝑞)−1/2)𝑃(𝑞1/2)𝑘𝑗 . Then the routing output
of (29), namely the adjoint instrument ℑ∗

𝐸(𝑞) evaluated at (𝑉1, … , 𝑉𝑚), is

𝑂(𝑞) = ∑
𝑗
𝑃(𝐸𝑗(𝑞)1/2)(𝑎𝑗𝑒) = ∑

𝑗
𝑎𝑗𝐸𝑗(𝑞) = 𝑃(𝑆(𝑞)−1/2)𝑃(𝑞1/2)𝑀. (42)
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Theorem 9.15 — Exact additive moments for central-value polar routing (continued)

The central-value branch therefore depends on the sequence only through the two additive
carrier moments

(𝐾,𝑀) = (∑
𝑗
𝑘𝑗 , ∑

𝑗
𝑎𝑗𝑘𝑗) ∈ 𝐽 ⊕ 𝐽 ,

with the exact block merge law

(𝐾,𝑀)𝐵⊔𝐶 = (𝐾𝐵 + 𝐾𝐶 , 𝑀𝐵 + 𝑀𝐶).

If every 𝑎𝑗 ≥ 0 then 𝑀 ∈ Ω𝐽 and the output is cone-valued. For 𝑑𝑣 scalar value channels,
𝑎𝑗 ∈ ℝ𝑑𝑣 , the same statement holds with 𝑀 replaced by

𝖬 = ∑
𝑗
𝑘𝑗 ⊗ 𝑎𝑗 ∈ 𝐽 ⊗ ℝ𝑑𝑣 ,

the output in channel 𝛼 being 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝖬𝛼 .

Proof. For any 𝐸 ∈ Ω𝐽 one has 𝑃(𝐸1/2)𝑒 = (𝐸1/2)∘2 = 𝐸, so 𝑃(𝐸𝑗(𝑞)1/2)(𝑎𝑗𝑒) = 𝑎𝑗𝐸𝑗(𝑞); no
idempotency of 𝐸𝑗 is needed. Summing and using linearity of 𝑃(𝑆−1/2)𝑃(𝑞1/2),

∑
𝑗
𝑎𝑗𝐸𝑗(𝑞) = 𝑃(𝑆−1/2)𝑃(𝑞1/2)∑

𝑗
𝑎𝑗𝑘𝑗 = 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝑀,

which is (42). The normalizer 𝑆 = 𝑃(𝑞1/2)𝐾 depends on the sequence only through 𝐾 , so the
right-hand side depends on it only through (𝐾,𝑀); both entries are sums over the block, which
is the merge law. If every 𝑎𝑗 ≥ 0 then 𝑀 is a nonnegative combination of elements of Ω𝐽 , hence
lies in Ω𝐽 , and 𝑃(𝑆−1/2)𝑃(𝑞1/2) is a cone automorphism. The multichannel statement is (42)
read in each channel, the operator acting on the 𝐽 factor of 𝐽 ⊗ ℝ𝑑𝑣 .

This exact two-moment reduction applies to central-value or scalar-channel routing. It does not
collapse the general heterogeneous 𝐽 -valued instrument, whose dependence on the individual
square roots 𝐸1/2𝑗 remains nonlinear.

For 𝐻3(𝕆) the pair (𝐾,𝑀) is 54 real accumulators in a coordinate implementation: exactly
associative in exact arithmetic, independent of sequence length after reduction, and computed
once for the keys and once for the key–value products. The corresponding statement for a
classical readout is a single tensor contraction, recorded in Section B.
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9.8 relative-frame separation and orbit curvature

The curvature computations in this subsection and the next are all the same computation. We
isolate it once.

Lemma 9.16 (Curvature of an orthogonal orbit). Let 𝜌 ∶ 𝐺 → 𝑂(𝐻) be a smooth orthogonal
representation on a Euclidean space 𝐻 , let 𝑔(𝑡) be a 𝐶2 curve in 𝐺 with 𝑔(0) = 1, and set
𝑋 = 𝑑

𝑑𝑡 |0𝜌(𝑔(𝑡)). For 𝑣 ∈ 𝐻 put 𝑓𝑣 (𝑡) = ⟨𝑣 , 𝜌(𝑔(𝑡))𝑣⟩. Then

𝑓 ′𝑣 (0) = 0, 𝑓 ″𝑣 (0) = − ‖𝑋𝑣‖2,

so 𝑓𝑣 is stationary at coincidence with negative semidefinite second variation, degenerate
exactly when 𝑋𝑣 = 0. If 𝑔(𝑡) = exp(𝑡𝑋0) is a one-parameter subgroup, 𝑓𝑣 is even.

Proof. 𝜌(𝑔(𝑡)) is orthogonal, so ‖𝜌(𝑔(𝑡))𝑣‖ = ‖𝑣‖ and ‖𝜌(𝑔(𝑡))𝑣 − 𝑣‖2 = 2‖𝑣‖2 − 2𝑓𝑣 (𝑡). Writing
𝑢(𝑡) = 𝜌(𝑔(𝑡))𝑣 we have 𝑢(0) = 𝑣 and ̇𝑢(0) = 𝑋𝑣 , so the left-hand side is 𝑡2‖𝑋𝑣‖2 + 𝑂(𝑡3) and
therefore 𝑓𝑣 (𝑡) = ‖𝑣‖2 − 𝑡2

2 ‖𝑋𝑣‖2 + 𝑂(𝑡3). For a one-parameter subgroup 𝜌(𝑔(𝑡))−1 = 𝜌(𝑔(𝑡))⊤, so
𝑓𝑣 (−𝑡) = ⟨𝜌(𝑔(𝑡))𝑣 , 𝑣⟩ = 𝑓𝑣 (𝑡).

Proposition 9.17 (Orbit kernels). Let 𝜌 ∶ Aut(𝐽 ) → 𝑂(𝐻) be a smooth orthogonal representa-
tion and 𝑣 ∈ 𝐻 a probe. Then

𝑘𝑣 (𝑞, 𝑞′) = ⟨𝜌(𝒰(𝑞, 𝐾))𝑣 , 𝜌(𝒰(𝑞′, 𝐾))𝑣⟩

is a positive semidefinite kernel on Ω𝐽 with 𝑘𝑣 (𝑞, 𝑞) = ‖𝑣‖2, and along 𝑞(𝑡) = exp𝐽 (𝑡ℎ),

𝑘𝑣(𝑒, 𝑞(𝑡)) = ‖𝑣‖2 − 𝑡2
2 ‖𝑑𝜌(𝒜𝐾 (ℎ))𝑣‖

2 + 𝑂(𝑡3),

so the second variation degenerates exactly on ℎ ∈ 𝒜−1
𝐾 (𝔰𝔱𝔞𝔟𝜌(𝑣)).

Proof. Positive semidefiniteness is the Gram identity ∑𝑘,ℓ 𝑎𝑘𝑎ℓ𝑘𝑣 (𝑞𝑘 , 𝑞ℓ) = ‖∑𝑘 𝑎𝑘𝜌(𝒰(𝑞𝑘 , 𝐾))𝑣‖2,
and 𝑘𝑣 (𝑞, 𝑞) = ‖𝑣‖2 by orthogonality. The expansion is Lemma 9.16 applied to 𝑔(𝑡) = 𝒰(𝑞(𝑡), 𝐾),
whose derivative at 𝑡 = 0 is 𝒜𝐾 (ℎ), so that 𝑋 = 𝑑𝜌(𝒜𝐾 (ℎ)); the degeneracy condition 𝑋𝑣 = 0
says exactly that 𝒜𝐾 (ℎ) lies in the infinitesimal stabilizer of 𝑣 .

The rest of this subsection and all of Section 9.9 are instances. Proposition 9.21 is the natural
representation on 𝐻 = 𝐽 with a state as probe; Theorem 9.24 is the conjugation representation
on End(𝐽 ) with a Peirce projection as probe; Proposition 9.25 packages several probes into one
linear feature map. What distinguishes the Peirce projections is that the carrier supplies them:
they are the canonical probe-free choice.

Pairing the effects against a state instead of acting on values gives the classical half of
the same picture, and it is scalar-valued. Along continuous frame motions it has vanishing
first variation at the aligned configuration and negative semidefinite second variation; the
latter is negative definite on the full frame tangent when the probe state has simple spectrum.
Independently of continuity, the discrete exchange below already separates configurations on
every carrier of rank at least two.
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Definition 9.18 (Spectrum-only mechanism). A map 𝐹 defined on 𝑚-tuples of elements of 𝐽 is
spectrum-only if it factors through the individual spectra,

𝐹(𝑥1, … , 𝑥𝑚) = 𝐹(spec(𝑥1), … , spec(𝑥𝑚)),

each spectrum taken as an unordered multiset of eigenvalues with multiplicity.

Proposition 9.19 (Separation beyond individual spectra). Let 𝐽 be any Euclidean Jordan
algebra of rank 𝑟 ≥ 2, with Jordan frame (𝑐1, … , 𝑐𝑟 ); let 𝜇1 > 𝜇2 > 0 and 𝜇𝑘 > 0 for 𝑘 ≥ 3 with
𝜇1 + 𝜇2 +∑𝑘≥3 𝜇𝑘 = 1, so that 𝑝, 𝑞, 𝑞′ below are genuine states of ℬ∘

𝐽 ; and let 𝑊 be a real vector
space carrying a linear Aut(𝐽 )-action, with values 𝑉1, 𝑉2 ∈ 𝑊 , 𝑉1 ≠ 𝑉2. Put

𝑝 = ∑
𝑘
𝜇𝑘𝑐𝑘 , 𝑞 = 𝑝, 𝑞′ = 𝜇2𝑐1 + 𝜇1𝑐2 +∑𝑘≥3 𝜇𝑘𝑐𝑘 ,

and take the two-key effect families 𝐴1 = 𝑞, 𝐴2 = 𝑒 − 𝑞 and 𝐴′
1 = 𝑞′, 𝐴′

2 = 𝑒 − 𝑞′. Then
𝑆 = 𝑆′ = 𝑒, so Proposition 9.1 leaves them unchanged, and with query state 𝜌 = 𝑝 the outputs
𝑂 = ∑𝑗⟨𝑝, 𝐸𝑗⟩𝑉𝑗 and 𝑂′ satisfy

𝑂 − 𝑂′ = (𝜇1 − 𝜇2)2 (𝑉1 − 𝑉2) ≠ 0.

The effects are positive and normalized, and the resulting probabilities ⟨𝑝, 𝐸𝑗⟩ are nonnegative
and sum to one. They are invariant under simultaneous Aut(𝐽 )-transport of the query state and
the effects, and transporting the values makes the output equivariant, 𝑂 ↦ 𝑔𝑂; taking 𝑊 = ℝ
with the trivial action gives an invariant scalar output. Since 𝑞 and 𝑞′ have identical spectra,
every spectrum-only mechanism in the sense of Definition 9.18 returns 𝑂 = 𝑂′. Specializations:

(a) for frame-transitive 𝐽 the two states 𝑞, 𝑞′ lie in the same one-state Aut(𝐽 )-orbit (Proposi-
tion 7.6), so the distinction is genuinely relational and not a disguised one-state invariant;

(b) for 𝐽 = 𝐻3(𝕆) the construction is 𝐹4-equivariant;
(c) for 𝐽 ≅ ℝ𝑟 only the discrete exchange is available, the two configurations differing by a

transposition of coordinates;
(d) for every carrier with 𝐽12 ≠ 0 the exchange is not merely spectrum-preserving but connected

to the identity configuration: by Lemma 9.20 there is an isospectral path 𝑞(𝑡) = 𝑒𝑡𝐷𝑞 inside
a single rank-two orbit with 𝑞(0) = 𝑞 and 𝑞(𝜋/2) = 𝑞′, along which the readout varies
nonconstantly by Proposition 9.21.

Proof. Since 0 ≤ 𝜇𝑘 < 1 for every 𝑘, both 𝑞 and 𝑒 − 𝑞 = ∑𝑘(1 − 𝜇𝑘)𝑐𝑘 lie in Ω𝐽 , and 𝐴1 + 𝐴2 =
𝑒 ∈ Ω𝐽 ; likewise for 𝑞′. As 𝑃(𝑒−1/2) = id, the normalized effects are 𝐸1 = 𝑞, 𝐸2 = 𝑒 − 𝑞, and
correspondingly for 𝑞′. Using ⟨𝑐𝑖, 𝑐𝑗⟩ = 𝛿𝑖𝑗 ,

⟨𝑝, 𝑞⟩ = ∑
𝑘
𝜇2𝑘 , ⟨𝑝, 𝑞′⟩ = 2𝜇1𝜇2 +∑

𝑘≥3
𝜇2𝑘 ,

differing by (𝜇1 − 𝜇2)2 as in Proposition 7.9. With two outcomes, ⟨𝑝, 𝐸2⟩ = 1 − ⟨𝑝, 𝐸1⟩, so
𝑂 = ⟨𝑝, 𝐸1⟩(𝑉1 − 𝑉2) + 𝑉2 in 𝑊 , and the difference is as claimed. Invariance of the probabilities
is Proposition 7.1 together with Proposition 9.1; equivariance of 𝑂 follows from linearity of the
Aut(𝐽 )-action on 𝑊 . Finally 𝑞 and 𝑞′ have the same eigenvalue multiset, and 𝑝 is common
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to both configurations. Nothing in the argument uses the octonions, or any property of 𝐽
beyond orthonormality of a Jordan frame — which is why the statement is carrier-independent.
For (a), 𝑞 and 𝑞′ have equal spectra, so on a frame-transitive carrier the frame transitivity
carries one to the other; the configurations (𝑝, 𝑞) and (𝑝, 𝑞′) are nevertheless inequivalent,
because a simultaneous automorphism would have to fix 𝑝 and preserve the pairing. Item (b)
is Corollary 7.2, and (c) is Theorem 7.4(c). For (d), apply Lemma 9.20 with (𝑖, 𝑗) = (1, 2) to any
𝑧 ∈ 𝐽12 with ‖𝑧‖2 = 2: the endpoint 𝑞(𝜋/2) is exactly the 𝑞′ displayed above, and Proposition 9.21
gives 𝑑2

𝑑𝑡2 |0⟨𝑝, 𝑞(𝑡)⟩ = −(𝜇1 − 𝜇2)2‖𝑧‖2 < 0, so the readout is nonconstant along the path. The
discrete exchange is therefore a Weyl transposition realized by an inner-derivation flow, not a
separate phenomenon.

Remark 9.5 (Arbitrary aggregate scores). In Proposition 9.19 the aggregate score is 𝑆 = 𝑒
and 𝑃(𝑆−1/2) = id, so what the statement exhibits is frame-sensitive effect pairing. The same
separation holds with an arbitrary aggregate score. Given any 𝑆 ∈ Ω𝐽 , put

𝐴1 = 𝑃(𝑆1/2)𝑞, 𝐴2 = 𝑃(𝑆1/2)(𝑒 − 𝑞),

both in Ω𝐽 because 𝑃(𝑆1/2) preserves the cone, with 𝐴1 + 𝐴2 = 𝑃(𝑆1/2)𝑒 = 𝑆. Proposition 9.1
then returns 𝐸1 = 𝑞 and 𝐸2 = 𝑒 − 𝑞, so the separation is unchanged while the normalizer acts
nontrivially.

The separation is not an artifact of the discrete exchange: it survives, at second order, along
a continuous spectrum-preserving motion of the frame.

The continuous motion of Proposition 9.21 below is local at 𝑡 = 0. The following lemma
supplies the global endpoint, and with it the exact transposition of Proposition 9.19 on a single
rank-two orbit.

Lemma 9.20 (Rank-two exchange). Fix 𝑖 < 𝑗 with 𝐽𝑖𝑗 ≠ 0 and let 𝑧 ∈ 𝐽𝑖𝑗 with ‖𝑧‖2 = 2. Put
𝐷 = 4[𝐿𝑧 , 𝐿𝑐𝑖], 𝑠 = 𝑐𝑖 + 𝑐𝑗 and 𝑎 = 𝑐𝑖 − 𝑐𝑗 . Then 𝑧∘2 = 𝑠 and

𝐷(𝑐𝑖) = 𝑧, 𝐷(𝑐𝑗) = −𝑧, 𝐷(𝑧) = 2(𝑐𝑗 − 𝑐𝑖), 𝐷(𝑐𝑘) = 0 (𝑘 ≠ 𝑖, 𝑗),

so 𝐷 annihilates 𝑠 and rotates the plane span{𝑎, 𝑧} at angular speed 2. Consequently

𝑒𝑡𝐷𝑐𝑖 =
𝑠
2
+ cos 2𝑡

2
𝑎 + sin 2𝑡

2
𝑧, 𝑒𝑡𝐷𝑐𝑗 =

𝑠
2
− cos 2𝑡

2
𝑎 − sin 2𝑡

2
𝑧,

and at 𝑡 = 𝜋/2 the automorphism 𝑒(𝜋/2)𝐷 ∈ Aut(𝐽 ) exchanges 𝑐𝑖 and 𝑐𝑗 and fixes every other
frame member. Hence for 𝑝 = ∑𝑘 𝜇𝑘𝑐𝑘 the isospectral path 𝑞(𝑡) = 𝑒𝑡𝐷𝑝 satisfies

𝑞(0) = 𝑝, 𝑞(𝜋/2) = 𝜇𝑗𝑐𝑖 + 𝜇𝑖𝑐𝑗 + ∑
𝑘≠𝑖,𝑗

𝜇𝑘𝑐𝑘 .

Proof. For 𝑧 ∈ 𝐽𝑖𝑗 one has 𝑧∘2 = 1/2‖𝑧‖2(𝑐𝑖 + 𝑐𝑗) [17, Ch. IV], which is 𝑠 under the normalization
‖𝑧‖2 = 2. The values on the frame are (13). For 𝐷(𝑧), using 𝑐𝑖 ∘ 𝑧 = 1/2𝑧,

𝐷(𝑧) = 4(𝑧 ∘ (𝑐𝑖 ∘ 𝑧) − 𝑐𝑖 ∘ 𝑧∘2) = 4(12𝑧
∘2 − 𝑐𝑖 ∘ 𝑠) = 4(12 𝑠 − 𝑐𝑖) = 2(𝑐𝑗 − 𝑐𝑖).

Thus 𝐷(𝑠) = 𝑧 − 𝑧 = 0, 𝐷(𝑎) = 2𝑧 and 𝐷(𝑧) = −2𝑎, so 𝐷 acts on span{𝑎, 𝑧} as the generator of a
rotation of angular speed 2 and 𝑒𝑡𝐷𝑎 = cos(2𝑡)𝑎+sin(2𝑡)𝑧. Writing 𝑐𝑖 = 1/2(𝑠+𝑎) and 𝑐𝑗 = 1/2(𝑠−𝑎)
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gives the displayed flows; at 𝑡 = 𝜋/2, cos 2𝑡 = −1 and sin 2𝑡 = 0, so 𝑒(𝜋/2)𝐷𝑐𝑖 = 1/2(𝑠 − 𝑎) = 𝑐𝑗 and
symmetrically. Since 𝐷 is an inner derivation, 𝑒𝑡𝐷 ∈ Aut(𝐽 ) for every 𝑡, so 𝑞(𝑡) is isospectral;
evaluating at 𝑡 = 𝜋/2 termwise gives the endpoint.

Proposition 9.21 (Relative-frame overlap has negative-definite second variation). Let 𝑝 =
∑𝑘 𝜇𝑘𝑐𝑘 ∈ ℬ∘

𝐽 have simple spectrum 𝜇1 > ⋯ > 𝜇𝑟 . Let 𝑧 = (𝑧𝑖𝑗)𝑖<𝑗 ∈ ⨁𝑖<𝑗 𝐽𝑖𝑗 be any nonzero
element of the frame tangent, set

𝐷𝑧 = ∑
𝑖<𝑗

4[𝐿𝑧𝑖𝑗 , 𝐿𝑐𝑖], 𝑞(𝑡) = exp(𝑡𝐷𝑧) 𝑝.

Then 𝑞(𝑡) has constant spectrum {𝜇1, … , 𝜇𝑟 } for all 𝑡 , both 𝑞(𝑡) and 𝑒 − 𝑞(𝑡) remain in Ω𝐽 for all 𝑡 ,
𝐷𝑧𝑝 = ∑𝑖<𝑗(𝜇𝑖 − 𝜇𝑗)𝑧𝑖𝑗 , and

𝑑2

𝑑𝑡2
|
𝑡=0

⟨𝑝, 𝑞(𝑡)⟩ = − ‖𝐷𝑧𝑝‖2 = −∑
𝑖<𝑗

(𝜇𝑖 − 𝜇𝑗)2 ‖𝑧𝑖𝑗‖2 < 0.

The second variation is therefore negative definite on the entire frame tangent, not merely on
one Peirce block. Moreover 𝑡 ↦ ⟨𝑝, 𝑞(𝑡)⟩ is an even function, so its first derivative vanishes at
𝑡 = 0 and

⟨𝑝, 𝑞(𝑡)⟩ = ⟨𝑝, 𝑝⟩ − 1
2 ∑
𝑖<𝑗

(𝜇𝑖 − 𝜇𝑗)2‖𝑧𝑖𝑗‖2 𝑡2 + 𝑂(𝑡4),

the displayed second derivative being the leading variation. In the setting of Proposition 9.19, the
first-outcome probability of the layer built from 𝐴1 = 𝑞(𝑡), 𝐴2 = 𝑒−𝑞(𝑡) is a nonconstant function
of 𝑡 for every nonzero frame tangent 𝑧, while each individual spectrum in the configuration is
held fixed.

Proof. 𝐷𝑧 is a sum of inner derivations, hence a derivation, so exp(𝑡𝐷𝑧) ∈ Aut(𝐽 ) and 𝑞(𝑡) is
Aut(𝐽 )-conjugate to 𝑝 for every 𝑡; automorphisms preserve the spectrum and fix 𝑒, so 𝑞(𝑡) and
𝑒 − 𝑞(𝑡) = exp(𝑡𝐷𝑧)(𝑒 − 𝑝) lie in Ω𝐽 for all 𝑡 , not merely small 𝑡 , and 𝐴1 + 𝐴2 = 𝑒 throughout. By
(13) the summand 4[𝐿𝑧𝑖𝑗 , 𝐿𝑐𝑖] sends 𝑐𝑖 ↦ 𝑧𝑖𝑗 , 𝑐𝑗 ↦ −𝑧𝑖𝑗 and kills every other frame member, so
𝐷𝑧𝑝 = ∑𝑖<𝑗(𝜇𝑖−𝜇𝑗)𝑧𝑖𝑗 ; the Peirce blocks are mutually orthogonal, so ‖𝐷𝑧𝑝‖2 = ∑𝑖<𝑗(𝜇𝑖−𝜇𝑗)2‖𝑧𝑖𝑗‖2,
which is strictly positive because the spectrum is simple and 𝑧 ≠ 0.

The remaining assertions are Lemma 9.16 applied to the natural representation of Aut(𝐽 )
on 𝐻 = 𝐽 , with 𝑔(𝑡) = exp(𝑡𝐷𝑧) and probe 𝑣 = 𝑝: the first variation vanishes, the second is
−‖𝐷𝑧𝑝‖2, and 𝑓 is even because 𝑔 is a one-parameter subgroup, so the expansion has no odd
terms.

Corollary 9.22 (Albert triality channels). For 𝐽 = 𝐻3(𝕆) the three Peirce blocks 𝐽12, 𝐽13, 𝐽23
are each 8-dimensional and together span the 24-dimensional frame tangent of Theorem 7.3,
so Proposition 9.21 reaches every frame direction at once, with second-derivative magnitude
∑𝑖<𝑗(𝜇𝑖 − 𝜇𝑗)2‖𝑧𝑖𝑗‖2 — the coefficient of 𝑡2 in the Taylor expansion being half that — and the
mechanism of Proposition 9.19 is 𝐹4-equivariant. The three blocks are moreover inequivalent as
modules for the frame stabilizer: the subgroup of 𝐹4 fixing an ordered Jordan frame pointwise
is Spin(8), acting on (𝐽23, 𝐽13, 𝐽12) through a triality triple of eight-dimensional representations,
so that

𝑇𝑐𝔉𝐻3(𝕆) = 𝐽12 ⊕ 𝐽13 ⊕ 𝐽23 ≅ 𝟖𝑣 ⊕ 𝟖𝑠 ⊕ 𝟖𝑐
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up to a permutation of the labels, the outer 𝑆3 of Spin(8) permuting the three [50, Thms. 1.16.2,
1.16.4, 2.7.1]. The transporter differential (33) scales these three channels by

𝛼𝑖𝑗 =
√𝜅𝑖 − √𝜅𝑗

2(√𝜅𝑖 + √𝜅𝑗)
,

and (41) specializes to
rank𝐷𝑂(𝑒) = 8 #{𝑖𝑗 ∶ 𝜅𝑖 ≠ 𝜅𝑗 , 𝑎𝑖 ≠ 𝑎𝑗}.

For 𝐽 ≅ ℝ𝑟 , by contrast, Proposition 9.19 still applies — the discrete exchange is a transposition
of coordinates — but every 𝐽𝑖𝑗 vanishes, so Proposition 9.21 is vacuous and no continuous
spectrum-preserving frame motion exists at all.

Proof. The block dimensions and their sum are Theorem 7.3 with 𝑟 = 3, 𝑑 = 8; 𝐹4-equivariance
is Corollary 7.2; and 𝐽𝑖𝑗 = 0 for ℝ𝑟 is Theorem 7.4(c). For the module structure, an automorphism
fixing every 𝑐𝑖 preserves each Peirce block, and in the standard matrix model of 𝐻3(𝕆) those
blocks are the three off-diagonal octonion slots. The stabilizer of the diagonal frame in 𝐹4
is Spin(8), realized as the group of triples (𝛼1, 𝛼2, 𝛼3) ∈ 𝑆𝑂(8)3 satisfying (𝛼1𝑥)(𝛼2𝑦) = 𝛼3(𝑥𝑦)
and acting on the three slots by 𝛼1, 𝛼2, 𝛼3 respectively [50, Thms. 1.16.2 and 2.7.1]; the first
component is the vector representation and the other two the half-spin representations, and
the outer automorphism group 𝑆3 permutes them [50, Thm. 1.16.4]. The infinitesimal form
is the principle of triality in 𝔰𝔬(8) [50, Thm. 1.3.6, Prop. 2.3.7]. The rank formula is (41) with
every 𝑑𝑖𝑗 = 8.

Each surviving edge of the three-slot contrast graph therefore carries one of the three triality
modules. What the exceptional carrier contributes is neither twenty-four extra coordinates nor
the size of 𝐹4: it is a rank-three system of three coupled eight-dimensional Peirce channels,
permuted by the triality symmetry of their common stabilizer. The classical separation of
Proposition 9.19, by contrast, is not exceptional at all: it holds on every carrier of rank at
least two, the simplicial one included. What the exceptional carrier supplies is continuity — a
24-dimensional space of spectrum-preserving directions along which to take that separation,
each weighted by the metric of Corollary 7.11.

What a scalar feature family sees of the transporter is settled by the same differential. For
a representation 𝜌 ∶ Aut(𝐽 ) → 𝐺𝐿(𝑊 ), a probe 𝑣 ∈ 𝑊 and a functional 𝜙 ∈ 𝑊 ∗, the scalar
matrix coefficient

𝑓𝜙,𝑣 (𝑞, 𝐾) = 𝜙(𝜌(𝒰(𝑞, 𝐾))𝑣)

has differential
𝐷𝑓𝜙,𝑣 (𝑒)[ℎ] = 𝜙(𝑑𝜌(𝒜𝐾 (ℎ))𝑣)

by Proposition 9.12. A chosen scalar feature family is locally complete on the frame tangent
exactly when its matrix coefficients separate the subspace 𝑑𝜌(𝒜𝐾 (𝑇𝑐𝔉𝐽 )). Scalarization is
therefore not a binary expressivity class: frame visibility is controlled by the representation
types and the coefficient functionals a readout retains. Table 4, at the end of the section, collects
the resulting hierarchy.
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9.9 orbit kernels from transported peirce projections

Every readout so far scalarizes the transporter by pairing it against a chosen probe. A different
scalarization keeps an entire Peirce block and pairs two transported copies of it. It needs no
probe, and its positivity is a Gram identity rather than a computation.

Only the aggregate key and one of its spectral frames enter, so this subsection drops the
rank-one hypothesis on the individual keys. Fix 𝐾 ∈ Ω𝐽 with simple spectrum, and let (𝑐𝑖) be
its spectral frame, 𝐾 = ∑𝑖 𝜅𝑖𝑐𝑖 with the 𝜅𝑖 > 0 pairwise distinct; that frame is then intrinsic up
to ordering. Remark 9.7 treats repeated spectrum. Set

Π𝑖𝑗 = 4𝐿𝑐𝑖𝐿𝑐𝑗 (𝑖 ≠ 𝑗), Π𝔉 = ∑
𝑖<𝑗

Π𝑖𝑗 . (43)

Proposition 9.23 (Peirce projectors). For 𝑖 ≠ 𝑗 the operator Π𝑖𝑗 is the orthogonal projection of 𝐽
onto 𝐽𝑖𝑗 for the trace inner product, and Π𝔉 is the orthogonal projection onto the frame tangent
𝑇𝑐𝔉𝐽 = ⨁𝑖<𝑗 𝐽𝑖𝑗 of Theorem 7.3. In particular TrΠ𝑖𝑗 = 𝑑𝑖𝑗 , TrΠ𝔉 = dim 𝐽 − 𝑟 , and Π𝑖𝑗Π𝑘ℓ = 0 for
distinct index pairs.

Proof. The operators 𝐿𝑐1 , … , 𝐿𝑐𝑟 of a Jordan frame commute and are simultaneously diagonalized
by the Peirce decomposition 𝐽 = ⨁𝑘≤ℓ 𝐽𝑘ℓ, with 𝐿𝑐𝑖 acting on 𝐽𝑘ℓ by 1/2(𝛿𝑖𝑘 + 𝛿𝑖ℓ) [17, Thm. IV.2.1].
Hence 4𝐿𝑐𝑖𝐿𝑐𝑗 acts on 𝐽𝑘ℓ by (𝛿𝑖𝑘 + 𝛿𝑖ℓ)(𝛿𝑗𝑘 + 𝛿𝑗ℓ), which is 1 when {𝑘, ℓ} = {𝑖, 𝑗} and 0 otherwise. So
Π𝑖𝑗 is the identity on 𝐽𝑖𝑗 and zero on every other Peirce block; it is self-adjoint for the trace form
because each 𝐿𝑎 is and the two factors commute. Distinct index pairs therefore have orthogonal
ranges, so their projectors multiply to zero. Summing over 𝑖 < 𝑗 gives Π𝔉, and the traces are
dim 𝐽𝑖𝑗 = 𝑑𝑖𝑗 and ∑𝑖<𝑗 𝑑𝑖𝑗 = dim 𝐽 − 𝑟 by (5).

Theorem 9.24 — Positive kernels from transported Peirce projections

For 𝑞 ∈ Ω𝐽 put Π𝑖𝑗(𝑞) = 𝒰(𝑞, 𝐾) Π𝑖𝑗 𝒰(𝑞, 𝐾)−1 and Π𝔉(𝑞) = 𝒰(𝑞, 𝐾) Π𝔉𝒰(𝑞, 𝐾)−1, and define

𝒦𝑖𝑗(𝑞, 𝑞′) = Tr(Π𝑖𝑗(𝑞) Π𝑖𝑗(𝑞′)), 𝒦𝔉(𝑞, 𝑞′) = Tr(Π𝔉(𝑞) Π𝔉(𝑞′)). (44)

Then, writing Π for either Π𝑖𝑗 or Π𝔉, 𝒦 for the corresponding kernel and 𝛿 = TrΠ:
(a) Π(𝑞) is again an orthogonal projection, onto 𝒰(𝑞, 𝐾)Π(𝐽 ), and 𝒦 is a positive semidefinite

kernel on Ω𝐽 : for all 𝑞1, … , 𝑞𝑁 ∈ Ω𝐽 and 𝑎 ∈ ℝ𝑁 ,

∑
𝑘,ℓ

𝑎𝑘𝑎ℓ𝒦(𝑞𝑘 , 𝑞ℓ) = ‖∑
𝑘
𝑎𝑘Π(𝑞𝑘)‖

2

HS
≥ 0;

(b) 𝒦(𝑞, 𝑞) = 𝛿 and 0 ≤ 𝒦(𝑞, 𝑞′) ≤ 𝛿 , with 𝒦(𝑞, 𝑞′) = 𝛿 if and only if Π(𝑞) = Π(𝑞′);
(c) for ℎ ∈ 𝑇𝑐𝔉𝐽 and 𝑞(𝑡) = exp𝐽 (𝑡ℎ),

𝒦(𝑒, 𝑞(𝑡)) = 𝛿 − 𝑡2
2 ‖[𝒜𝐾 (ℎ), Π]‖

2
HS + 𝑂(𝑡3),

so the kernel is stationary at coincidence with negative semidefinite second variation,
degenerate exactly on the directions ℎ with [𝒜𝐾 (ℎ), Π] = 0;
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Theorem 9.24 — Positive kernels from transported Peirce projections (continued)

(d) for the total projector the degeneracy is exact: [𝒜𝐾 (ℎ), Π𝔉] = 0 if and only if 𝒜𝐾 (ℎ) = 0, so

ker(−𝐷2𝒦𝔉(𝑒, 𝑒)|𝑇𝑐𝔉𝐽
) = ker𝒜𝐾 = ⨁

𝜅𝑖=𝜅𝑗
𝐽𝑖𝑗 ,

and the second variation of 𝒦𝔉 is negative definite on the entire frame tangent;
(e) the construction is equivariant: transporting the aggregate key, the frame and both queries

by a common 𝑔 ∈ Aut(𝐽 ) leaves 𝒦 unchanged.
For 𝐽 = 𝐻3(𝕆) the construction gives an 𝐹4-equivariant family of three rank-eight block kernels,
permuted with the triality channels of Corollary 9.22, together with the label-free total frame
kernel of diagonal value 24. All scalar values are invariant under simultaneous transport of
the aggregate key, the frame and the query pair.

Proof. Step 1 (projections and positivity). 𝒰(𝑞, 𝐾) ∈ Aut(𝐽 ) is orthogonal for the trace form,
so conjugation carries orthogonal projections to orthogonal projections and preserves ranks;
Π(𝑞) projects onto the image of Π(𝐽 ). Writing ⟨𝐴, 𝐵⟩HS = Tr(𝐴𝐵⊤) and using Π(𝑞)⊤ = Π(𝑞), the
kernel is the Hilbert–Schmidt inner product ⟨Π(𝑞), Π(𝑞′)⟩HS, so the quadratic form in (a) is the
squared norm of ∑𝑘 𝑎𝑘Π(𝑞𝑘).

Step 2 (range and equality). 𝒦(𝑞, 𝑞) = TrΠ(𝑞)2 = TrΠ(𝑞) = 𝛿 . For two orthogonal projections
𝑃, 𝑄 one has Tr(𝑃𝑄) = Tr(𝑄𝑃𝑃𝑄) = ‖𝑃𝑄‖2HS ≥ 0 and

Tr(𝑃𝑄) = Tr(𝑃) − Tr(𝑃(𝐼 − 𝑄)) = 𝛿 − ‖(𝐼 − 𝑄)𝑃‖2HS ≤ 𝛿,

with equality exactly when (𝐼 − 𝑄)𝑃 = 0, that is when the range of 𝑃 lies in that of 𝑄; as the
ranks agree this forces 𝑃 = 𝑄.

Step 3 (second variation). Apply Lemma 9.16 to the conjugation representation of Aut(𝐽 )
on 𝐻 = End(𝐽 ) with the Hilbert–Schmidt inner product, which is orthogonal because each
𝑔 ∈ Aut(𝐽 ) is; take 𝑔(𝑡) = 𝒰(𝑞(𝑡), 𝐾), whose derivative at 𝑡 = 0 is 𝐴 ∶= 𝒜𝐾 (ℎ), and probe 𝑣 = Π.
Then 𝑑𝜌(𝐴)Π = [𝐴, Π] and 𝑓Π(𝑡) = 𝒦(𝑒, 𝑞(𝑡)), so the first variation vanishes and the second is
−‖[𝐴, Π]‖2HS. The degeneracy condition is therefore [𝐴, Π] = 0.

Step 4 (exact degeneracy for the total projector). If 𝐴 = 𝒜𝐾 (ℎ) = 0 the commutator vanishes.
Conversely suppose [𝐴, Π𝔉] = 0. Each frame idempotent 𝑐𝑘 lies in 𝐽𝑘𝑘 , hence in ker Π𝔉, so
Π𝔉𝐴𝑐𝑘 = 𝐴Π𝔉𝑐𝑘 = 0. But (36) places 𝐴𝑐𝑘 = ∑𝑗>𝑘 𝑧𝑘𝑗 − ∑𝑖<𝑘 𝑧𝑖𝑘 in the frame tangent, which
is the range of Π𝔉; therefore 𝐴𝑐𝑘 = Π𝔉𝐴𝑐𝑘 = 0. Projecting (36) onto the mutually orthogonal
blocks 𝐽𝑘ℓ forces every 𝑧𝑘ℓ = 0, and then 𝐴 = 0 exactly as in the proof of Theorem 9.11. Combining
with (c) and Theorem 9.11 gives the stated kernel, and simple spectrum of 𝐾 makes ker𝒜𝐾 = 0.

Step 5 (equivariance). 𝒰(𝑔𝑞, 𝑔𝐾) = 𝑔 𝒰(𝑞, 𝐾) 𝑔−1 and Π𝑔𝑐
𝑖𝑗 = 𝑔 Π𝑐

𝑖𝑗 𝑔−1, since 𝐿𝑔𝑐𝑖 = 𝑔𝐿𝑐𝑖𝑔
−1.

Hence Π(𝑔𝑞) = 𝑔 Π(𝑞) 𝑔−1 and the operator trace is conjugation-invariant. If 𝑔 permutes the
frame, 𝑐𝑖 ↦ 𝑐𝜎(𝑖), then 𝑔Π𝑖𝑗𝑔−1 = Π𝜎(𝑖)𝜎(𝑗), so the block labels are permuted while Π𝔉 is fixed.

For 𝐻3(𝕆) the three block dimensions are 𝑑𝑖𝑗 = 8 and their sum is 24, by Corollary 9.22, and
Aut(𝐽 ) = 𝐹4 by Corollary 7.2.
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The three block kernels and the total kernel are entries and aggregates of one operator-valued
object, which makes the phrase “coupled triality channels” literal.

Proposition 9.25 (The cross-channel Gram kernel). Index the frame blocks by 𝛼 = (𝑖, 𝑗) with
𝑖 < 𝑗, write 𝑁 = (𝑟2) for their number, and define the matrix-valued kernel

𝐊(𝑞, 𝑞′)𝛼𝛽 = Tr(Π𝛼 (𝑞) Π𝛽(𝑞′)), 𝐊(𝑞, 𝑞′) ∈ ℝ𝑁×𝑁 . (45)

Let Φ(𝑞) ∶ ℝ𝑁 → End(𝐽 ) be the linear map with Φ(𝑞)𝑒𝛼 = Π𝛼 (𝑞), the target carrying the
Hilbert–Schmidt inner product. Then:

(a) 𝐊(𝑞, 𝑞′) = Φ(𝑞)∗Φ(𝑞′), so 𝐊 is a positive semidefinite operator-valued kernel: for all
𝑞1, … , 𝑞𝑀 ∈ Ω𝐽 and 𝑣1, … , 𝑣𝑀 ∈ ℝ𝑁 ,

∑
𝑘,ℓ

⟨𝑣𝑘 , 𝐊(𝑞𝑘 , 𝑞ℓ)𝑣ℓ⟩ = ‖∑
𝑘
Φ(𝑞𝑘)𝑣𝑘‖

2

HS
≥ 0;

(b) 𝐊(𝑞, 𝑞) = diag(𝑑𝛼 ), which for 𝐽 = 𝐻3(𝕆) is 8𝐼3;
(c) the scalar kernels of Theorem 9.24 are recovered as 𝒦𝛼 = 𝐊𝛼𝛼 and 𝒦𝔉 = ∑𝛼,𝛽 𝐊𝛼𝛽 , the

sum of all entries rather than the trace; the trace ∑𝛼 𝐊𝛼𝛼 is the sum of the block kernels,
and the off-diagonal entries are exactly the cross-channel content that the scalar kernels
discard;

(d) an automorphism that normalizes the chosen frame acts on the block labels through the
induced permutation 𝜎 , and therefore conjugates 𝐊 by the corresponding permutation
matrix. In the Albert case the setwise stabilizer of the frame has quotient 𝑆3 over its
pointwise Spin(8) stabilizer, and this quotient permutes the three triality channels. Under
a general 𝐹4-transformation the frame, its channel spaces and the kernel are transported
together; the total frame kernel is label-free and invariant under simultaneous transport.

Proof. (a) is the definition of Φ together with ⟨Π𝛼 (𝑞), Π𝛽(𝑞′)⟩HS = Tr(Π𝛼 (𝑞)Π𝛽(𝑞′)), using self-
adjointness of the projectors; the displayed identity is the squared norm of ∑𝑘 Φ(𝑞𝑘)𝑣𝑘 . For (b),
conjugation by 𝒰(𝑞, 𝐾) preserves the orthogonality of Proposition 9.23, so Π𝛼 (𝑞)Π𝛽(𝑞) = 0 for
𝛼 ≠ 𝛽 and TrΠ𝛼 (𝑞)2 = 𝑑𝛼 . For (c), Π𝔉 = ∑𝛼 Π𝛼 gives Tr(Π𝔉(𝑞)Π𝔉(𝑞′)) = ∑𝛼,𝛽 𝐊𝛼𝛽 . Part (d) is
frame-normalizer equivariance: the permutation computation is Step 5 of Theorem 9.24, and
full 𝐹4-invariance is a statement about simultaneous transport of the frame together with the
queries, or about the label-free total kernel, not about a fixed 3×3 matrix of labeled channels.

Remark 9.6 (What the Gram argument does and does not supply). Positivity here holds block
by block and for a single reason: the kernel is an inner product of two transported projections
in Hilbert–Schmidt space. A finer hierarchy of kernels indexed by higher Aut(𝐽 )-types would
have to be built from actual equivariant intertwiners between those types; formal analogues of
the block channels carry no positivity guarantee of their own.
Remark 9.7 (Repeated aggregate-key spectrum). At repeated spectrum the primitive frame of
𝐾 is no longer intrinsic, and there are two consistent options. One may retain a key-encoded
primitive refinement, as in (31); the formulas above then remain valid verbatim but depend on
that choice. Alternatively one may pass to the intrinsic coarse spectral idempotents 𝐸1, … , 𝐸𝑠
of 𝐾 and use the coarse Peirce projections Π𝑎𝑏 = 4𝐿𝐸𝑎𝐿𝐸𝑏 for 𝑎 ≠ 𝑏, which project onto the
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coarse blocks 𝐽𝑎𝑏. The Gram-kernel, positivity, curvature and equivariance arguments of
Theorem 9.24 and Proposition 9.25 admit direct coarse-block analogues after replacing the
primitive blocks 𝐽𝑖𝑗 , the projectors Π𝑖𝑗 and the primitive frame tangent by the coarse blocks 𝐽𝑎𝑏,
the projectors Π𝑎𝑏 and the tangent of the coarse spectral flag. The resulting ranks and channel
counts are the coarse-block ranks, and therefore change at spectral collisions: for 𝐻3(𝕆) a
simple 1+1+1 aggregate-key spectrum gives three channels of rank eight, a 2+1 collision gives a
single intrinsic coarse channel of rank sixteen, and a scalar spectrum gives no nontrivial coarse
off-diagonal channel at all. The two options differ in what they retain: the coarse projections
are blind to frame rotations inside a repeated eigenspace, which is exactly the part of the frame
tangent that 𝒜𝐾 annihilates.

Table 4 now records the full hierarchy, from the readouts that see nothing of the frame to
the projection kernels whose second-order degeneracy is exactly that of the transporter.

representation / readout frame response

individual spectra constant on isospectral frame orbits
aligned overlap scalar first derivative zero; second variation −∑𝑖<𝑗(𝜇𝑖 − 𝜇𝑗)2‖𝑧𝑖𝑗‖2,

negative definite at simple probe spectrum
spectral-code vector rank ∑𝑎𝑖≠𝑎𝑗 , 𝜅𝑖≠𝜅𝑗 𝑑𝑖𝑗
effect frame rank ∑𝜅𝑖≠𝜅𝑗 𝑑𝑖𝑗
faithful operator on 𝐽0 the transporter image, at its intrinsic rank
selected matrix coefficients rank set by their annihilator on that image
Peirce-block kernel first variation zero; degenerate where [𝒜𝐾 (ℎ), Π𝑖𝑗] = 0
total Peirce-projection kernel first variation zero; second-variation kernel ker𝒜𝐾 ,

hence rank ∑𝜅𝑖≠𝜅𝑗 𝑑𝑖𝑗

Table 4. Frame response by readout, for an aggregate key 𝐾 = ∑𝑖 𝜅𝑖𝑐𝑖 and, in rows three and four, the
diagonal keys (31). The rows are Proposition 7.8, Proposition 9.21, Corollary 9.14, Proposition 9.13(a),
Proposition 9.13(b), (39), Theorem 9.24(c) and Theorem 9.24(d). For 𝐻3(𝕆) with simple aggregate-key
spectrum, simple probe spectrum and pairwise distinct code coefficients the first four read 0; 0 at first
order but negative definite at second order; 24; and 24, and the last row is negative definite on the whole
24-dimensional frame tangent.

9.10 composition across tokens, and an open nonclassicality test

Two limits of the construction are recorded here because they are structural rather than
incidental. Neither is used elsewhere in the paper.
Remark 9.8 (Across tokens the construction is a classical mixture). Every construction above
that involves more than one carrier element is a direct sum, never a composite of state spaces.
The score row of Section 9.1 lives in 𝐽 𝑛 = 𝐽 ⊕ ⋯ ⊕ 𝐽 ; the signed-value lift of Section A lives in
the doubled carrier 𝐽 ⊕ 𝐽 ; non-simple carriers split as direct sums by Proposition 3.3; and the
tensor products that do appear, 𝐽 ⊗ ℝ𝑑𝑣 in Section 9.7 and 𝐽 ⊗ 𝑊 in Section B, pair the carrier
with a value space that carries no cone of its own, the operator acting on the 𝐽 factor alone, so
that 𝐽 ⊗ ℝ𝑑𝑣 is 𝑑𝑣 parallel copies of 𝐽 . A direct sum of Euclidean Jordan algebras is a classical
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mixture of its summands: its state space is the convex hull of the summands’ state spaces, with
no joint states and in particular nothing that plays the role of entanglement. Equivalently, 𝐽 𝑛
is the composite of 𝐽 with the simplicial carrier ℝ𝑛, and the token index is a classical register.

For the exceptional carrier this is forced and not merely a choice. Barnum, Graydon and Wilce
[7] show that no composite of Euclidean Jordan algebras, in their sense, has the exceptional
algebra 𝐻3(𝕆) as a direct summand, and that a composite of two Euclidean Jordan algebras
one of which has an exceptional summand exists only when the other is a direct sum of one-
dimensional algebras, that is, simplicial. So 𝐻3(𝕆) has no composite with itself, nor with
Herm2(ℂ), and the only composites available to an Albert-valued sequence model are those
with classical carriers, of which 𝐽 𝑛 is the one used here. For the special carriers Herm𝑟 (ℂ)
composites do exist, and a tensor-product layer across tokens is possible there in principle; it
is not studied in this paper. The precise definition of a composite, and the hypotheses under
which the exclusion holds, are those of [7].
Remark 9.9 (Simplex embeddability of the accessible fragment: an open test). The paper
contains no test of nonclassicality, and the material above poses one. Fix keys 𝑘1, … , 𝑘𝑚 and a set
𝑄 ⊆ Ω𝐽 of queries. Each query contributes the effects 𝐸𝑗(𝑞) = 𝒰(𝑞, 𝐾)𝐸𝑗 of Theorem 9.2, and a set
𝑅 ⊆ ℬ𝐽 of probe states pairs against them as in Proposition 9.19. The pair (𝑅, {𝐸𝑗(𝑞)}𝑞∈𝑄, 𝑗≤𝑚) is
a prepare-measure fragment in the sense of Selby et al. [39]. As 𝑞 ranges over Ω𝐽 the transporter
moves the effect family through a continuous Aut(𝐽 )-orbit, so the layer accesses a continuous
family of measurements on a non-simplicial state space.

A fragment admits a generalized-noncontextual ontological model exactly when it is simplex-
embeddable [38], and for finitely many states and effects simplex embeddability is decided by
a linear program [40]. For the full theory of a carrier, with every state and every effect, the
answer is already known: a theory satisfying the no-restriction hypothesis is noncontextual
exactly when it is simplicial [41], so the full theory of every non-simplicial 𝐽 is contextual. The
open question is about the fragment a layer actually reaches. The identity query with the
aligned keys (31) reaches only the commuting family 𝐸𝑗(𝑒) = 𝑐𝑗 , whose statistics ⟨𝜌, 𝑐𝑗⟩ factor
through the diagonal of 𝜌 in one frame; that fragment is simplex-embeddable. Sweeping the
query rotates the family by 𝒰(𝑞, 𝐾), and Proposition 9.19(d) and Proposition 9.21 show that
the statistics then depend on the relative frame continuously and nontrivially. A layer whose
fragment fails the test — and failure of any finite subfragment suffices, since a restriction
of a simplex embedding is a simplex embedding — would realize routing statistics that no
noncontextual hidden-variable model reproduces. We expect this to happen for a non-simplicial
carrier with distinct aggregate-key spectra, but it is not proved here.
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10 conclusion

Ordinary softmax is not replaced by the Gibbs-chart construction. It is the spectral law on every
Euclidean Jordan carrier. What changes with the carrier is the geometry to which those weights
are attached. The simplicial carrier has no continuous frame directions; every non-simplicial
carrier does, and the same Peirce blocks govern the Hessian metric, the Jacobian, and the
source in the Gibbs Monge–Ampère equation (Theorem 7.10 and Corollaries 7.12 and 7.13).

Canonical effect normalization exposes a parallel decomposition of cone-valued data. The
aggregate score supplies a positive radial coordinate, while the normalized effects retain a
compact Aut(𝐽 )-valued transporter. The two channels are graded by scale: the radial factor is
homogeneous and the transporter is a function on the projectivized cone, which is the same
quotient that produces the state space (Proposition 9.7). They are independent registers only to
first order, coupling at second order through the curvature bracket of the cone (Proposition 9.8);
and the transporter is trivial precisely on the simplicial carrier, where Theorem 7.4 leaves it
nothing to act on (Corollary 9.4). At the identity query, simple spectrum of the aggregate key
makes its linearization injective on the full frame tangent, where it acts as a contrast filter on
Peirce edges (Theorem 9.11). Representations of this transporter produce effect frames, positive
instruments, additive-moment reductions, relative-frame readouts, and positive orbit kernels
(Proposition 9.17 and Theorem 9.24).

The conclusion is structural rather than prescriptive. Choosing a carrier fixes, before any
learned parameter is introduced, which notions of positivity, normalization, symmetry, frame
and transport are available. The carrier ℝ𝑟 exposes only weights. The Albert carrier exposes the
same three-way softmax together with three triality-related eight-dimensional frame channels.
Softmax is therefore the frameless member of a carrier-dependent geometric mechanism.

Two boundaries of the construction are recorded in Section 9.10. Across tokens it is a
classical mixture of carriers, and for the Albert carrier no other composite exists (Remark 9.8).
Whether the measurement fragment a trained layer reaches is simplex-embeddable remains
open (Remark 9.9). The carrier class itself need not be assumed: a homogeneous cone with
pure transitivity is already a direct sum of copies of one simple carrier (Remark 2.2).
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A positive encoding of signed values

Proposition 9.9 returns a cone element when the values lie in Ω𝐽 . Signed values admit a
canonical positive encoding, obtained from the Jordan positive and negative parts rather than
from an arbitrary shift. For 𝑉 ∈ 𝐽 put

|𝑉 | = (𝑉 ∘2)1/2, 𝑉+ =
|𝑉 | + 𝑉

2
, 𝑉− =

|𝑉 | − 𝑉
2

.

Proposition A.1 (Canonical positive–negative lift). For every 𝑉 ∈ 𝐽 ,

𝑉± ∈ Ω𝐽 , 𝑉 = 𝑉+ − 𝑉−, 𝑉+ ∘ 𝑉− = 0,

and the lift 𝜄(𝑉 ) = (𝑉+, 𝑉−) ∈ Ω𝐽⊕𝐽 is Aut(𝐽 )-equivariant, 𝜄(𝑔𝑉 ) = (𝑔𝑉+, 𝑔𝑉−). Given effects
𝐸1, … , 𝐸𝑚 ∈ Ω𝐽 with ∑𝑗 𝐸𝑗 = 𝑒, the doubled family 𝐸𝑗 = (𝐸𝑗 , 𝐸𝑗) satisfies ∑𝑗 𝐸𝑗 = (𝑒, 𝑒), the unit
of 𝐽 ⊕ 𝐽 , so it is an effect family there, and

ℑ∗
𝐸(𝜄(𝑉1), … , 𝜄(𝑉𝑚)) = (∑

𝑗
𝑃(𝐸1/2𝑗 )𝑉+

𝑗 , ∑
𝑗
𝑃(𝐸1/2𝑗 )𝑉−

𝑗 ) ∈ Ω𝐽⊕𝐽 ,

whose two components differ by ∑𝑗 𝑃(𝐸
1/2
𝑗 )𝑉𝑗 .

Proof. Write 𝑉 = ∑𝑘 𝜆𝑘𝑐𝑘 . Spectral calculus gives 𝑉 ∘2 = ∑𝑘 𝜆
2
𝑘𝑐𝑘 and |𝑉 | = ∑𝑘 |𝜆𝑘 |𝑐𝑘 , so

𝑉± = ∑𝑘 max(±𝜆𝑘 , 0)𝑐𝑘 lies in Ω𝐽 , the difference is 𝑉 , and the two have disjoint supports in a
common frame, whence 𝑉+ ∘ 𝑉− = 0. Automorphisms commute with spectral calculus, which
gives the equivariance. The doubled effects sum to (𝑒, 𝑒) componentwise, so Proposition 9.9
applies in 𝐽 ⊕ 𝐽 and acts summand by summand; subtracting the two components gives the
last claim.

The decoder is the difference map, which is not itself positive. The doubled instrument
remains positive and trace-preserving, its adjoint aggregation remains positive and unital, and
the encoding is canonical rather than shift-dependent.

B tensor moments for classical readouts

Theorem 9.15 reduces the central-value branch to two additive carrier moments. The classical
readout — pairing the effects against a state rather than acting on values — admits the
corresponding contraction for arbitrary values in a real vector space 𝑊 . For a state 𝜌 ∈ ℬ𝐽 set

𝖬 = ∑
𝑗
𝑘𝑗 ⊗ 𝑉𝑗 ∈ 𝐽 ⊗ 𝑊 , 𝜉𝑞,𝜌 = [𝑃(𝑆−1/2)𝑃(𝑞1/2)]∗𝜌 = 𝑃(𝑞1/2)𝑃(𝑆−1/2)𝜌 ∈ 𝐽 ,

the second equality because each 𝑃(𝑎) is self-adjoint for the trace form.
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Proposition B.1 (Readout by contraction). With 𝐸𝑗 = 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝑘𝑗 as in Theorem 9.2,

∑
𝑗
⟨𝜌, 𝐸𝑗⟩𝑉𝑗 = (⟨𝜉𝑞,𝜌 , ⋅⟩ ⊗ id𝑊 )𝖬.

The sequence therefore enters the classical readout only through 𝐾 = ∑𝑗 𝑘𝑗 , which fixes 𝜉𝑞,𝜌 ,
and through the single tensor 𝖬; both are additive over blocks.

Proof. Self-adjointness of 𝑃(𝑎) gives ⟨𝜌, 𝐸𝑗⟩ = ⟨𝜌, 𝑃(𝑆−1/2)𝑃(𝑞1/2)𝑘𝑗⟩ = ⟨𝜉𝑞,𝜌 , 𝑘𝑗⟩, and summing
against 𝑉𝑗 is the displayed contraction. The normalizer 𝑆 = 𝑃(𝑞1/2)𝐾 depends on the sequence
only through 𝐾 .

C vinberg’s axioms over the octonions and the sedenions

This appendix records the numerical check behind Remark 2.3. For a Cayley–Dickson algebra
𝐴 ∈ {ℝ, ℂ,ℍ,𝕆, 𝕊}, with 𝕊 the sedenions, let 𝑇 be the 𝑟 × 𝑟 matrices with off-diagonal entries in
𝐴 and real diagonal entries. The product is the matrix product in 𝐴, with every product that
lands on the diagonal replaced by its real part. The involution is conjugate transpose and the
trace is the sum of the diagonal. Table 5 reports the largest entrywise discrepancy of the two
axioms (6), and of trace associativity tr(𝑎(𝑏𝑐)) = tr((𝑎𝑏)𝑐), over 60 random draws per row with
standard normal entries.

algebra rank 𝑡(𝑢𝑤) = (𝑡𝑢)𝑤 𝑡(𝑢𝑢∗) = (𝑡𝑢)𝑢∗ trace associativity

ℝ 3, 4 2 × 10−15 4 × 10−15 4 × 10−15

ℂ 3, 4 4 × 10−15 7 × 10−15 7 × 10−15

ℍ 3, 4 7 × 10−15 7 × 10−15 1 × 10−14

𝕆 3 7 × 10−15 9 × 10−15 2 × 10−14

𝕆 4 36.5, entry (1, 4) 48 4 × 10−14

𝕊 3 7 × 10−15 41, entry (1, 2) 3 × 10−14

𝕊 4 87 104 6 × 10−14

𝕆, no projection 3 5 × 10−15 54, entry (1, 1) 1 × 10−14

Table 5. Largest entrywise discrepancy of Vinberg’s axioms on the Hermitian-style matrix algebra over
each coefficient algebra. Values near 10−14 are rounding; values of order 10 are failures, located at the
entry named. The last row omits the projection of diagonal products to their real parts and fails the
second axiom on the diagonal by an associator with zero real part.

For 𝕆 at rank 3 the script also checks the following.

(i) For 200 random upper-triangular 𝑡 with positive diagonal, 𝑡 𝑡∗ is Hermitian and lies in the
Albert cone, with trace, sum of principal 2 × 2 minors and determinant all nonnegative.
Moreover det(𝑡𝑡∗) = (𝑡11𝑡22𝑡33)2 to within 3.2 × 10−13. The parameter count is 3+ 3 ⋅ 8 = 27 =
dim𝐻3(𝕆).
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(ii) For 300 interior elements 𝑋 , each a positive combination of 3 to 6 random pure states drawn
from the whole projective plane, the Cholesky factorization computed from the bottom row
up gives 𝑡 𝑡∗ = 𝑋 to relative accuracy 3.3 × 10−16. Every sampled interior element of the
Albert cone therefore factors in this T-algebra.

(iii) For 200 random (𝑢1, 𝑢2) ∈ 𝕆2, the element 𝑋 = 𝑣𝑣∗ with 𝑣 = (1, 𝑢1, 𝑢2) satisfies 𝑋 ∘ 𝑋 =
tr(𝑋)𝑋 , and its quadratic invariant and determinant vanish, to within 2.3 × 10−13. So the
affine chart of Remark 2.3 consists of primitive elements.

These are tests at random points, not proofs; the algebraic reasons are those given in Remark 2.3.
They test the construction against the axioms as stated in [9, Defn. 31]. We have not compared
it with the T-algebra that Vinberg writes down for the exceptional cone.

Ancillary code. Two Python supplements, verify_core_identities.py and
verify_polar_extensions.py, numerically cross-check the identities used in Sections 6–9
and Appendices A–B. A third, verify_talgebra.py, runs the checks of Section C. They
accompany this manuscript as ancillary files, together with the transcripts of their runs, and
are also at github.com/johnzfitch/gibbs-chart. The scripts are not used in the proofs.
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